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Abstract

In this thesis, we discuss the generation of the curvature perturbations during in-
flation beyond the linear perturbation theory as well as the primordial black hole
formation in two classes of double inflation. We proposed the non-perturbative al-
gorithm called stochastic-δN formalism for the calculation of the power spectrum of
the curvature perturbations, combining the stochastic and δN formalism. This al-
gorithm can be applied for generic classes of inflation. Also the interpretation of the
so-called local observer effect of the squeezed bispectrum is shown with use of the
δN formalism. Then we concretely discuss the PBH formation in chaotic-new dou-
ble inflation and hybrid inflation. In the chaotic-new inflation model which is sup-
ported in terms of supergravity, both abundant PBHs for dark matter and massive
PBHs for LIGO’s gravitational wave events can be realized simultaneously. The
expected secondary gravitational waves are marginally consistent with the current
pulsar timing array constraints. On the other hand, with use of the stochastic-δN
formalism, we prove that the detectably massive PBHs cannot be produced in hy-
brid inflation with appropriate abundance, but rather they are inevitably overpro-
duced. The specific power spectra of the curvature perturbations are also shown
as an example of the stochastic-δN formalism.
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Notation

We adopt the natural unit c = h̄ = kB = 1 unless otherwise noted, and in Chapters 3,
5, 6 and Appendix C the reduced Planck mass MPl =

√
h̄c

8πG = 4.341× 10−6 g = 2.435×
1018c−2 GeV = (2.814× 10−43c2h̄−1 s)−1 is also set to unity.

Latin indices i, j, k, and so on generally run over the three spatial coordinate labels, usually
taken as 1, 2, 3. Greek indices µ, ν, etc. generally run over the four spacetime coordinate
labels 1, 2, 3, 0, with x0 the time coordinate.

The flat spacetime metric is ηµν = diag(−1, 1, 1, 1).

Variables in boldface characters (p, k, and so on) indicate three-vectors. For them, variables
in normal characters represent their three-norm (p =

√
p2

1 + p2
2 + p2

3 etc.).

The Fourier transformation and its inverse are defined by

f (x) =
∫ d3k

(2π)3 fkeik·x, fk =
∫

d3x f (x)e−ik·x. (0.0.1)

Acronyms	&	Symbols

FLRW · · · Friedmann–Lemaître–Robertson–Walker
CMB · · · cosmic microwave background
BBN · · · big-bang nucleosynthesis
NG · · · non-Gaussianity
PBH · · · primordial black hole
SMBH · · · supermassive black hole
DM · · · dark matter
GW · · · gravitational wave
PTA · · · pulsar timing array
vev · · · vacuum expectation value
w.r.t. · · · with respect to
PDF · · · probability distribution function
EoM · · · equation of motion
EoS · · · equation of state
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CR · · · consistency relation
SUSY · · · supersymmetry
SUGRA · · · supergravity

M⊙ · · · The solar mass ∼ 2× 1033 g.
PO(k) · · · The power spectrum of the operator O.

⟨OkOp⟩ = (2π)3δ(3)(k + p)PO(k),

or

PO(k) =
∫

d3x ⟨O(x)O(y)⟩ e−ik·(x−y).

PO(k) · · · The power spectrum of the operator O per logarithmic k interval:

PO(k) =
k3

2π2 PO(k).

Indeed, if PO(k) is a function only of the norm k due to the rotational
invariance, it satisfies
∫ d3k

(2π)3 PO(k) =
∫

dk
k2

2π2 PO(k) =
∫

d log k PO(k).

BO(k1, k2, k3) · · · The bispectrum of the operator O.
⟨Ok1Ok2Ok3⟩ = (2π)3δ(3)(k1 + k2 + k3)BO(k1, k2, k3),

or

BO(k1, k2, k3) =
∫

d3xd3y ⟨O(x)O(y)O(z)⟩ e−ik1·(x−z)−ik2·(y−z).

∇2 · · · The Laplacian ∂2

∂(x1)2 +
∂2

∂(x2)2 +
∂2

∂(x3)2 .

∇i · · · The covariant derivative.



Introduction

0.1 Overview	of	modern	cosmology

The standard model of the cosmology has greatly succeeded to describe a lot of phenomena
of the universe. Among them, inflation has been a key topic for more than 30 years. Infla-
tion [1–6], namely the accelerated expansion phase in the early universe, can at least post-
pone the singularity of the beginning of the universe to the far past. Also it can solve several
problems of the big-bang theory such as the horizon problem, flatness problem, monopole
problem, and so on. Furthermore, as its most important role, the inflationary universe can
produce almost scale-invariant primordial perturbations as seeds of the cosmological struc-
tures from the quantum fluctuations. On the large scale (! 1 Mpc), the assumptions of such
scale-invariant primordial perturbations are favored by the observation of the large scale
structure, and moreover recent Planck collaboration’s results for the temperature and po-
larization perturbations of the cosmic microwave backgrounds can be fitted well only by 6
parameters if one assumes the almost scale-invariant primordial perturbations [7].

However, despite its great success, the precise mechanism of inflation is still unknown
and there is no strongly favored inflationary model. The Planck collaboration has not de-
tected the significant non-Gaussianity of the primordial perturbations as [8]

f localNL = 0.8 ± 5.0, f equilNL = −4 ± 43, f orthoNL = −26 ± 21, (68% CL). (0.1.1)

That is, no signal of the deviation from the simple single field inflation model was found.
On the other hand, the primordial tensor perturbations also have not been detected. The
obtained constraints on the tensor-to-scalar ratio is r0.002 < 0.11 (95% CL) [9], disfavoring
the simplest single field large field inflation with a polynomial potential. Even for the mod-
els consistent with the Planck’s observation, generally several problems are involved [9].
For example, natural inflation assumes the super Planckian symmetry breaking scale, while
small scale inflation suffers from a severe initial condition problem. The CMB observation
itself favors the R2 inflationary model, but there is no physical origin of the large R2 term.

In these situations, we need further observational information. One direction is the
small scale perturbations about which we have little knowledge now. Several future obser-
vational projects in this direction are planned: 21 cm line observations by SKA [10], galaxy
surveys by Euclid [11], and so on. As an interesting signal related with small scale pertur-
bations, the primordial black hole has been refocused on more and more recently. Recent
remarkable development on observational instruments allows us to close in on the scenario
that dark matter consists of PBHs, while the first direct detection of gravitational waves by
LIGO/Virgo collaboration sheds light on the possibility that the observed massive black
holes might be primordial ones.
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On the other hand, the prospect future survey plans call for the development of robust
techniques for computing the primordial perturbations. Such techniques are also required
for the PBH prediction. In this thesis, we derive some non-perturbative algorithm to calcu-
late the power spectrum of the primordial perturbations. Also we give the new interpre-
tation of the so-called local observer effect of the squeezed bispectrum with use of the δN
formalism. Further we discuss the PBH formation in several inflationary models, partially
using the above algorithm.

The rest of the thesis is as follows. In the next subsection, we briefly summarize the
fundamental equations in the homogeneous universe and inflation at first. Part I is devoted
to the theory of fluctuations in the inflationary universe. In Chapter 1, we review the linear
perturbation theory, and then we discuss the approach beyond the linear theory in Chap-
ter 2. In Chapter 3, we discuss the calculation algorithm of the squeezed bispectrum in the
δN formalism. Then Part II is a part for the primordial black hole. After several basics of PBH
are described in Chapter 4, we concretely discuss the PBH formation in two types of inflation
in Chapters 5 and 6. In Chapter 5, we consider the double inflation whose energy scales are
separated and successfully realize abundant PBHs as a main component of dark matter and
origins of LIGO’s gravitational events. On the other hand, in Chapter 6, we generically ana-
lyze the hybrid-type inflation models with use of the non-perturbative algorithm described
in Chapter 2, and exclude the appropriate formation of the detectably massive PBHs in this
class of inflation.

0.2 Homogeneous	universe	and	inflation

Let us summarize several basic equations for the homogeneous universe and inflation. The
most generic homogeneous isotropicmetric is given by the Friedmann–Lemaître–Robertson–
Walker metric [12–15]:

ds2 = −dt2 + a2(t)
(

dx2 + k
(x · dx)2

1− kx2

)
= −dt2 + a2(t)

(
dr2

1− kr2 + r2dΩ
)

. (0.2.1)

Here the scale factor a represents the time dependence of the physical scale between two
fixed points. k represents the three-curvature. On the other hand, under the homogeneous
isotropic assumption, the background energy-momentum tensor should be the perfect fluid
form as

Tµν = pgµν + (ρ + p)uµuν, (0.2.2)

where ρ and p are the energy density and pressure. The four-velocity uµ is normalized by
gµνuµuν = −1, and for the comoving coordinate, u0 = −1 and ui = 0. For them, the (0, 0)
component of the Einstein equation reads

(
ȧ
a

)2
+

k
a2 =

ρ

3M2
Pl

. (0.2.3)

This equation is called Friedmann equation [12]. The expansion rate H = ȧ/a is often referred
to as Hubble parameter. The (i, j) component of the Einstein equation gives the following
equation of acceleration.

ä = − 1
6M2

Pl
(ρ + 3p)a. (0.2.4)
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The energy conservation:

0 = ∇µT0µ =
∂T0µ

∂xµ + Γ0
µνTµν + Γµ

µνT0ν, (0.2.5)

leads the continuity equation as

d(a3ρ)
dt

= −p
da3

dt
, ⇔ dρ

dt
+ 3

ȧ
a
(ρ + p) = 0. (0.2.6)

Since the curvature component ∝ k is known to be negligibly small by e.g. CMB observa-
tions [7], hereafter we assume the flat universe k = 0.

Now let us consider some concrete fluid for the component of the universe. Assuming
the EoS of such a fluid as p = wρ, the continuity equation (0.2.6) reads

dρ

ρ
= 3(1 + w)

da
a

. (0.2.7)

It can be solved as

ρ ∝ a−3(1+w). (0.2.8)

Substituting it to the Friedmann equation (0.2.3), one can also obtain

a ∝ t
2

3(1+w) . (0.2.9)

Therefore, if the universe is filled by the non-relativistic matter component w = 0, its energy
density merely decays as a particle number dilution ρ ∝ a−3 and the time dependence of
the scale factor is a ∝ t2/3. On the other hand, the relativistic radiation component w = 1/3
decays faster as ρ ∝ a−4 because not only its number density but also its wavenumber do
decay by the expansion. The scale factor grows as a ∝ t1/2. Finally for the component of
w < −1/3, the acceleration equation (0.2.4) shows the positive acceleration as

ä = − 1
6M2

Pl
(1 + 3w) > 0. (0.2.10)

Therefore it leads the accelerated expansion of the universe. Such a component is called
dark energy. In particular, for w ∼ −1, the energy density becomes constant. In this case,
the Hubble parameter is also constant as shown in the Friedmann equation, and then the
universe expands exponentially a ∝ eHt.

The inflationary mechanism assumes such an exponential expansion in the early uni-
verse and generally it is realized by the homogeneous scalar field called inflaton. Let us
consider a simple example with the following action:

S =
∫

d4x
√
−g
[
−1

2
gµν∂µφ∂νφ−V(φ)

]
. (0.2.11)

Assuming the FLRWmetric, it reads

S =
∫

d4xa3(t)
[
−1

2
gµν∂µφ∂νφ−V(φ)

]
. (0.2.12)
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For the homogeneous isotropic scalar field φ = φ(t), the corresponding EoM can be obtained
as

φ̈ + 3Hφ̇ + V ′(φ) = 0. (0.2.13)

Compared with the Minkowski background case, there is an additional friction term 3Hφ̇
called Hubble friction due to the dilution by the expansion.

The energy-momentum tensor is given by

Tµν = − 2√−g
δS

δgµν = gµν

[
−1

2
gρσ∂ρφ∂σφ−V(φ)

]
+ ∂µφ∂νφ. (0.2.14)

Comparing it with the perfect fluid form (0.2.2), the energy density and pressure for the
homogeneous scalar can be written as

ρ =
1
2

φ̇2 + V(φ), p =
1
2

φ̇2 −V(φ). (0.2.15)

Therefore the Hubble parameter is given by

H =

√
ρ

3M2
Pl

=

√
1

3M2
Pl

(
1
2

φ̇2 + V(φ)

)
. (0.2.16)

Its time derivative has a simple form, with use of the EoM (0.2.13), as

Ḣ = − φ̇2

2M2
Pl

. (0.2.17)

Therefore the decay rate of the Hubble parameter per Hubble time H−1 is given by

ϵH = − Ḣ
H2 =

φ̇2

2
3
( 1

2 φ̇2 + V(φ)
) , (0.2.18)

and the condition of the exponential expansion ϵH ≪ 1 can be rewritten as φ̇2 ≪ V(φ).
Namely, if the potential is sufficiently flat and the Hubble friction works enough, the mo-
mentum energy can be negligible compared to the potential energy and it realizes the expo-
nential expansion of the universe. This mechanism is called slow-roll inflation and the decay
rate parameter ϵH is referred to as slow-roll parameter.

In the slow-roll approximation, the Hubble parameter is almost given by the potential
energy as

H ≃
√

V
3M2

Pl
. (0.2.19)

Assuming that its time derivative is also a good approximation as

Ḣ ≃ 1
6M2

Pl

V ′φ̇
H

(0.2.20)
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one can obtain, with use of Eq. (0.2.17),

3Hφ̇ ≃ −V ′(φ). (0.2.21)

This is the form of the EoM with the neglected φ̈ term and it is called slow-roll EoM. This
approximation is equivalent to imposing the condition

|φ̈|≪ |Hφ̇|. (0.2.22)

It is also another slow-roll condition.
Let us rewritten these slow-roll conditions in terms of the potential. First we define the

first slow-roll parameter as

ϵV =
M2

Pl
2

(
V ′

V

)2

. (0.2.23)

It is equivalent to the previous slow-roll parameter ϵH in the slow-roll limit:

ϵV =
M2

Pl
2

(
V ′

V

)2

≃
M2

Pl
2

(
3Hφ̇

3M2
PlH2

)2

=
φ̇2

2M2
PlH2 = − Ḣ

H2 = ϵH. (0.2.24)

The other slow-roll parameter can be foundby the timederivative of the slow-roll EoM (0.2.21):

φ̈ ≃ − Ḣ
H

φ̇− V ′′

3H
φ̇. (0.2.25)

Substituting it to the slow-roll condition (0.2.21), it reads
∣∣∣∣−ϵH +

V ′′

3H2

∣∣∣∣≪ 1. (0.2.26)

Since the first term ϵH is already smaller enough than unity, the remained condition is

|ηV | =
∣∣∣∣M

2
Pl

V ′′

V

∣∣∣∣≪ 1. (0.2.27)

This ηV = M2
PlV
′′/V is also the slow-roll parameter. The slow-roll condition ϵV ≪ 1 requires

the sufficient flatness of the potential, while |ηV | ≪ 1 indicates the smallness of the scalar
mass term m2 = V ′′.





Part I

Inflationary	Perturbation	Theory





Chapter 1
Linear	Perturbation	Theory

One of the most important subjects of the modern cosmology is to test the perturbations
as the origin of the structures in the universe. Since our observable universe seems to be
almost homogeneous and little perturbed at least on the large scale, the linear perturbation
theory is a strong tool as the lowest order analysis. In this chapter, let us review this lin-
ear perturbation theory, particularly focusing on the perturbation during the inflationary
universe. We basically follow Ref. [16].

1.1 Generic	description	of	cosmological	perturbation

1.1.1 Field	equations

The fundamental cosmology is based on general relativity and the cosmological principle,
that is, our observable universe is homogenous and isotropic on the large scale. Therefore, at
the zeroth order, the universe can be described by the homogenous and isotropic metric, i.e.,
the Friedmann–Lemaître–Robertson–Walkermetric, and the components of the universe are
also homogeneous and isotropic. In other words, the zeroth background metric ḡµν is given
by

ḡ00 = −1, ḡ0i = ḡi0 = 0, ḡij = a2(t)δij, (1.1.1)

and the background energy-momentum tensor should take the perfect fluid form as

T̄µν = p̄ḡµν + ( p̄ + ρ̄)ūµūν, (1.1.2)

from the rotational and translational invariance.
Then let us consider the linear deviation from the zeroth solution. That is, for the per-

turbed metric and energy-momentum tensor:

gµν = ḡµν + hµν, Tµν = T̄µν + δTµν. (1.1.3)
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we want the explicit expression of the Einstein equation

Rµν −
1
2

gµνgλκRλκ = −M−2
Pl Tµν, (1.1.4)

at the linear order w.r.t. the perturbations hµν and δTµν. Here the Ricci tensor Rµν is defined
by

Rµν =
∂Γλ

µλ

∂xν
−

∂Γλ
µν

∂xλ
+ Γκ

µλΓλ
νκ − Γκ

µνΓλ
λκ, (1.1.5)

with the affine connection

Γµ
νκ =

1
2

gµλ

[
∂gλν

∂xκ
+

∂gλκ

∂xν
− ∂gνκ

∂xλ

]
. (1.1.6)

Instead of using the Einstein equation (1.1.4) directly, the other equivalent expression
is often considered since the concrete expression of the left-hand side of the original Einstein
equation becomes quite messy. The trace of the Einstein equation gives

gµνRµν = M−2
Pl Tλ

λ, (1.1.7)
and then, substituting it the original Einstein equation, one obtains the other form of the
equation as

Rµν = −M−2
Pl Sµν, (1.1.8)

where the source tensor Sµν is expressed as

Sµν = Tµν −
1
2

gµνTλ
λ. (1.1.9)

The linear order Einstein equation is
δRµν = −M−2

Pl δSµν. (1.1.10)
With use of the explicit forms of δRµν and δSµν which we summarize in Appendix A, one
obtains the full expressions of (ij), (i0), and (00) components of the linear order Einstein
equation as

−M−2
Pl

(
δTjk −

a2

2
δjkδTλ

λ

)
= −1

2
∂j∂kh00 − (2ȧ2 + aä)δjkh00

− 1
2

aȧδjkḣ00 +
1

2a2 (∇
2hjk − ∂i∂jhik − ∂i∂khij + ∂j∂khii)

− 1
2

ḧjk +
ȧ

2a
(ḣjk − δjkḣii) +

(
ȧ2

a2 +
3ä
a

)
hjk +

(
ȧ2

a2

)
δjkhii

+
ȧ
a

δjk∂ihi0 +
1
2
(∂j ḣk0 + ∂kḣj0) +

ȧ
2a

(∂jhk0 + ∂khj0), (1.1.11)

−M−2
Pl δTj0 =

ȧ
a

∂jh00 +
1

2a2 (∇
2hj0 − ∂j∂ihi0) +

(
ȧ2

a2 +
2ä
a

)
hj0

+
1
2

∂

∂t

[
1
a2 (∂jhkk − ∂khkj)

]
, (1.1.12)

−M−2
Pl

(
δT00 +

1
2

δTλ
λ

)
=

1
2a2∇

2h00 +
3ȧ
2a

ḣ00 −
1
a2 ∂i ḣi0

+
1

2a2

[
ḧii −

2ȧ
a

ḣii + 2
(

ȧ2

a2 −
ä
a

)
hii

]
+ 3

(
ȧ2

a2 +
ä
a

)
h00. (1.1.13)



1.1. GENERIC DESCRIPTION OF COSMOLOGICAL PERTURBATION 13

The conservation laws for perturbations also can be derived from these equations, but they
can be obtainedmore easily from the linear perturbation of the full conservation law Tµ

ν;µ =
0. The energy and momentum conservations are given by the temporal and spatial compo-
nents as

∂0δT0
0 + ∂iδTi

0 +
3ȧ
a

δT0
0 −

ȧ
a

δTi
i −
(

ρ̄ + p̄
2a2

)(
−2ȧ

a
hii + ḣii

)
= 0 (1.1.14)

∂0δT0
j + ∂iδTi

j +
2ȧ
a

δT0
j − aȧδTj

0 − (ρ̄ + p̄)
(

1
2

∂jh00 −
ȧ
a

hj0

)
= 0, (1.1.15)

whose detailed derivations are described in Appendix A.
These results are too complicated to be directly used. So now let us decompose them

into the scalar, transverse vector, and traceless-transverse tensor components. The metric
perturbations can always be decomposed into the following forms.

h00 = −E, (1.1.16)

hi0 = a
[

∂F
∂xi + Gi

]
, (1.1.17)

hij = a2
[

Aδij +
∂2B

∂xi∂xj +
∂Ci

∂xj +
∂Cj

∂xi + Dij

]
. (1.1.18)

Here A, B, Ci, Dij = Dij, E, F, and Gi are functions of t and x respectively, and satisfy the
following conditions.

∂Ci

∂xi =
∂Gi

∂xi = 0,
∂Dij

∂xi = 0, Dii = 0. (1.1.19)

Similarly the energy-momentum tensor can be also decomposed. First let us begin by the
perfect fluid form:

Tµν = pgµν + (ρ + p)uµuν. (1.1.20)

Since the four-velocity is normalized as

gµνuµuν = −1, (1.1.21)

recalling that ūi = 0, ū0 = −1, one can derive the constraint

δu0 = δu0 = h00/2, (1.1.22)

but δui are still independent dynamical variables. Accordingly the linear perturbation of the
perfect fluid reads

δTij = p̄hij + a2δijδp, δTi0 = p̄hi0 − (ρ̄ + p̄)δui, δT00 = −ρ̄h00 + δρ. (1.1.23)

Generic fluids will give more complicated expressions. Indeed the original symmetric δTµν

has 10 d.o.f., though we still have only 5 d.o.f. as δρ, δp, and δui. Then, decomposing δui
into the scalar component δu and the transverse vectors δuV

i and adding insufficient d.o.f.
similarly to the metric perturbation, one obtains the following expressions.

δTij = p̄hij + a2[δijδp + ∂i∂jπ
S + ∂iπ

V
j + ∂jπ

V
i + πT

ij], (1.1.24)
δTi0 = p̄hi0 − (ρ̄ + p̄)(∂iδu + δuV

i ), (1.1.25)
δT00 = −ρ̄h00 + δρ, (1.1.26)
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where πV
i , πT

ij, and δuV
i satisfy the following constraints.

∂iπ
V
i = ∂iδuV

i = 0, πT
ji = πT

ij, ∂iπ
T
ij = 0, πT

ii = 0. (1.1.27)

Here the additional d.o.f. πS, πV, and πT called anisotropic inertia characterize the deviation
from the perfect fluid.

Then the perturbed Einstein equations (1.1.11)–(1.1.13) can be also decomposed into
the scalar, vector, and tensor modes. The EoM for scalar modes are given by the terms
proportional to δjk and ∂j∂kS form ones of Eq. (1.1.11), ∂jS form terms of Eq. (1.1.12), and the
whole part of Eq. (1.1.13) as1

− a2

2M2
Pl
[δρ− δp−∇2πS]

=
1
2

aȧĖ + (2ȧ2 + aä)E +
1
2
∇2A− 1

2
a2 Ä− 3aȧȦ− 1

2
aȧ∇2V̇ + ȧ∇2F, (1.1.28)

∂j∂k[2M−2
Pl a2πS + E + A− a2B̈− 3aȧḂ + 2aḞ + 4ȧF] = 0, (1.1.29)

M−2
Pl a(ρ̄ + p̄)∂jδu = −ȧ∂jE + a∂j Ȧ, (1.1.30)

− 1
2M2

Pl
(δρ + 3δp +∇2πS)

= − 1
2a2∇

2E− 3ȧ
2a

Ė− 1
a
∇2Ḟ− ȧ

a2∇
2F +

3
2

Ä +
3ȧ
a

Ȧ− 3ä
a

E +
1
2
∇2B̈ +

ȧ
a
∇2Ḃ.

(1.1.31)

The conservation laws for the scalar components are also useful. They can be derived by the
whole part of the energy conservation (1.1.14) and the ∂jS terms of the momentum conser-
vation (1.1.15) as

δρ̇ +
3ȧ
a
(δρ + δp) +∇2

[
−a−1(ρ̄ + p̄)F + a−2(ρ̄ + p̄)δu +

ȧ
a

πS
]

+
1
2
(ρ̄ + p̄)∂0[3A +∇2B] = 0, (1.1.32)

∂j

[
δp +∇2πS + ∂0[(ρ̄ + p̄)δu] +

3ȧ
a
(ρ̄ + p̄)δu +

1
2
(ρ̄ + p̄)E

]
= 0. (1.1.33)

The vector part comes from the ∂kVj terms of Eq. (1.1.11) and Vj terms of Eq. (1.1.12)
with some transverse vector Vj as

∂k[2M−2
Pl a2πV

j − a2C̈j − 3aȧĊj + aĠj + 2ȧGj] = 0, (1.1.34)

M−2
Pl (ρ̄ + p̄)aδuV

j =
1
2
∇2Gj −

a
2
∇2Ċj. (1.1.35)

The transverse vectorial part of the momentum conservation (1.1.15) gives the conservation
law for the vector components as,

∇2πV
j + ∂0[(ρ̄ + p̄)δuV

j ] +
3ȧ
a
(ρ̄ + p̄)δuV

j = 0. (1.1.36)

1These decompositions are validated in a similar way as the decomposition of the original perturba-
tions (1.1.16)–(1.1.18).



1.1. GENERIC DESCRIPTION OF COSMOLOGICAL PERTURBATION 15

Note that, for the perfect fluid πV
i = 0, this momentum conservation indicates that (ρ̄ +

p̄)δuV
i decays as a−3. In this case, both Eqs. (1.1.34) and (1.1.35) show that Gj− aĊj decays as

a−2. Actually this Gj− aĊj is the only gauge-invariant combination of the vector components
of the metric perturbations (see the next subsection). Then vector modes have not played a
large role in cosmology, and hereafter we basically neglect the vector modes.

Finally the EoM for the tensor components is given by the traceless-transverse tensorial
terms of Eq. (1.1.11) as

−2M−2
Pl a2πT

ij = ∇2Dij − a2D̈ij − 3aȧḊij. (1.1.37)

The above equations do not form a complete set. This is in part becausewe still have the
freedom of the coordinate transformation (gauge d.o.f.). In the next subsection, we review
the gauge transformation of the linear perturbation and introduce the useful Newtonian
gauge.

1.1.2 Gauge	transformation

The EoM derived in the previous subsection still include the unphysical components due to
the gauge d.o.f. and this problem is usually solved by fixing the gauge. In this subsection, we
consider the gauge transformation of the perturbations and introduce the useful Newtonian
gauge.

First, let us consider the spacetime coordinate transformation:

xµ → x′µ = xµ + ϵµ(x), (1.1.38)

and study the modulation at the linear order w.r.t. ϵµ(x) as well as other perturbations. The
metric is transformed as

g′µν(x′) = gλκ(x)
∂xλ

∂x′µ
∂xκ

∂x′ν
, (1.1.39)

but we impose the constraints that the zeroth order metric and coordinate points do not
change and instead all modifications are pressed into the perturbations. In this case, the
modulations of the perturbations are called gauge transformations. That is, the gauge trans-
formation of the metric perturbation hµν is given by

∆hµν(x) = g′µν(x)− gµν(x). (1.1.40)

Here the field equations should be invariant under the gauge transformation hµν → hµν(x)+
∆hµν(x). At the linear order w.r.t. ϵµ(x) and hµν(x), it reads

∆hµν(x) = g′µν(x′)−
∂gµν(x)

∂xλ
ϵλ(x)− gµν(x)

= −ḡλµ(x)
∂ϵλ(x)

∂xν
− ḡλν(x)

∂ϵλ(x)
∂xµ −

∂ḡµν(x)
∂xλ

ϵλ(x), (1.1.41)

The energy-momentum tensor is also transformed similarly as

∆δTµν = −T̄λµ(x)
∂ϵλ(x)

∂xν
− T̄λν(x)

∂ϵλ(x)
∂xµ −

∂T̄µν(x)
∂xλ

ϵλ(x), (1.1.42)
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Their concrete expressions are shown in Appedix A. Finally, decomposing the spatial part
of ϵµ into the scalar and the transverse vector modes as

ϵi = ∂iϵ
S + ϵVi , ∂iϵ

V
i = 0, (1.1.43)

One can obtain the gauge transformations of each component of the metric perturbations as
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∆A =
2ȧ
a

ϵ0, ∆B = − 2
a2 ϵS, ∆E = 2ϵ̇0, ∆F =

1
a

(
−ϵ0 − ϵ̇S +

2ȧ
a

ϵS
)

∆Ci = −
1
a2 ϵVi , ∆Gi =

1
a

(
−ϵ̇Vi +

2ȧ
a

ϵVi

)

∆Dij = 0,

(1.1.44)

and of the perturbations to the pressure, energy density, and velocity potential as

∆δp = ˙̄pϵ0, ∆δρ = ˙̄ρϵ0, ∆δu = −ϵ0. (1.1.45)

The other ingredients of the energy-momentum tensor do not change by the gauge transfor-
mation.

∆πS = ∆πV
i = ∆πT

ij = ∆δuV
i = 0. (1.1.46)

Therefore the perfect fluid conditions πS = πV
i = πT

ij = 0 or the irrotational condition
δuV

i = 0 are gauge-invariant.

Newtonian	gauge

Nowwe obtain the gauge transformations of the perturbations, so let us introduce the New-
tonian gauge. Here we consider only the scalar modes (vector modes are decaying and
tensor modes are gauge-invariant). In the Newtonian gauge, ϵS is chosen so that B = 0 and
ϵ0 is chosen so that F = 0. After that, there remains no gauge d.o.f. Conventionally E and A
are written in this gauge as

E = 2Φ, A = −2Ψ. (1.1.47)

Therefore the perturbed metric is

g00 = −1− 2Φ, g0i = 0, gij = a2δij[1− 2Ψ]. (1.1.48)

The field equations (1.1.28)–(1.1.31) are given by

− 1
2M2

Pl
a2[δρ− δp−∇2πS] = aȧΦ̇ + (4ȧ2 + 2aä)Φ−∇2Ψ + a2Ψ̈ + 6aȧΨ̇, (1.1.49)

−M−2
Pl a2∂i∂jπ

S = ∂i∂j[Φ−Ψ], (1.1.50)
1

2M2
Pl

a(ρ̄ + p̄)∂iδu = −ȧ∂iΦ− a∂iΨ̇, (1.1.51)

1
2M2

Pl
(δρ + 3δp +∇2πS) =

1
a2∇

2Φ +
3ȧ
a

Φ̇ + 3Ψ̈ +
6ȧ
a

Ψ̇ +
6ä
a

Φ, (1.1.52)
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and the conservations of energy (1.1.32) and momentum (1.1.33) are

δp +∇2πS + ∂0[(ρ̄ + p̄)δu] +
3ȧ
a
(ρ̄ + p̄)δu + (ρ̄ + p̄)Φ = 0, (1.1.53)

δρ̇ +
3ȧ
a
(δρ + δp) +∇2

[
a−2(ρ̄ + p̄)δu +

ȧ
a

πS
]
− 3(ρ̄ + p̄)Ψ̇ = 0. (1.1.54)

By subtracting 3/a2 times Eq. (1.1.49) from Eq. (1.1.52) and using Eqs. (1.1.50) and
(1.1.51) to remove πS and Φ, one can obtain

a3δρ− 3Ha3(ρ̄ + p̄)δu− 2M2
Pla∇2Ψ = 0. (1.1.55)

Then let us define the gauge-invariant density perturbation by

∆ρ =
δρ

ρ̄
− 3H(1 + w)δu. (1.1.56)

Its gauge-invariance can be checked with use of the gauge transformations of δρ and δu
and the continuity equation (0.2.6), ρ̇ = −3H(1 + w)ρ. This quantity is indeed the density
perturbation on the so-called comoving time slice where δu is fixed to zero. With use of this
density perturbation, Eq. (1.1.55) reads the Poisson-like form as

∇2Ψ =
1

2M2
Pl

a2ρ̄∆ρ. (1.1.57)

With use of the Friedmann equation, its Fourier expression is given by

∆ρ,k = −
2
3

(
k

aH

)2
Ψk. (1.1.58)

1.1.3 Conservation	outside	the	horizon

The cosmological perturbations are generally assumed to be generated in inflation. How-
ever there are many uncertainties in the physics after inflation, so naively the prediction of
the current perturbations seems to lose its reliability. In this subsection, we show that there
is a solution of the perturbation with which gauge-invariantly composed curvature pertur-
bations are conserved on the superhorizon scale irrespectively of the details of the state of
the universe. In the next chapter, we will also review the proof of this conservation beyond
the linear perturbation theory.

One example specific of the gauge-invariant perturbations is defined as

ζk = −Ψk +
δρk

3(ρ̄ + p̄)
, (1.1.59)

in the Newtonian gauge. It is referred to as the curvature perturbation on the uniform den-
sity slice (δρ = 0). Another gauge-invariant quantity:

Rk = −Ψk + Hδuk, (1.1.60)
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which is called the curvature perturbation on the comoving slice (δu = 0), is also often used.
Their deference is given by the comoving density perturbation (1.1.56)

ζk −Rk = 3(1 + w)∆ρ,k = −2(1 + w)

(
k

aH

)2
Ψk. (1.1.61)

Therefore they asymptote to each other in the superhorizon limit k≪ aH.
From the energy conservation (1.1.54), one can indeed see ζ̇k = 0 in the superhorizon

limit k→ 0 if δp/ ˙̄p = δρ/ ˙̄ρ. These solutions for δp and δρ can be relatedwith the additionally
appearing gauge d.o.f. in the long-wavelength limit. Let us review this below. Hereafter we
neglect the vector modes.

k = 0 limit

Let us first consider the k = 0 limit, i.e., the perfectly homogeneous and isotropic perturba-
tions. Note that there remains the gauge d.o.f. in this case even after the Newtonian gauge
is adopted.

The spatially homogeneous linear metric perturbations are given by

h00 = −2Φ(t), hi0 = 0, hij = −2δija2(t)Ψ(t) + a2(t)Dij, (1.1.62)

in the Newtonian gauge. Here Dij is constrained by the condition Dii = 0. Let us show that
there remains gauge d.o.f. which satisfies the spatially homogeneity and the condition of the
Newtonian gauge. At first, from the gauge transformation (A.0.38), for h00 to stay spatially
homogeneous, the temporal component of such a gauge transformation should be the form
of

ϵ0(x, t) = ϵ(t) + χ(x). (1.1.63)

Accordingly

∆Φ =
1
2

∆E = ϵ̇. (1.1.64)

Also from the gauge transformation (A.0.37), for hi0 to remain homogeneous, the spatial
component should be

ϵi(x, t) = a2(t) fi(x)− a2(t)
∂χ(x)

∂xi

∫ dt
a2(t)

. (1.1.65)

Therefore Eq. (A.0.36) gives

∆hij = −a2
(

∂ fi

∂xj +
∂ f j

∂xi

)
+ 2δijaȧ[ϵ + χ] + 2a2 ∂2χ

∂xi∂xj

∫ dt
a2 . (1.1.66)

Now χ should be constant so that hij does not depend on x, and in this case, one can take
χ = 0 by shifting ϵ. Similarly fi should be written as fi(x) = ωijxj with a constant matrix
ωij. We neglect a constant offset of fi since it does not affect the metric at all. Accordingly

∆hij = −a2[ωij + ωji] + 2δijaȧϵ. (1.1.67)
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On the other hand, from the Newtonian gauge conditions B = 0 and A = −2Ψ, hij should
keep the following form.

∆hij = −2a2δij∆Ψ + a2∆Dij. (1.1.68)

Comparing them, one obtains
⎧
⎪⎪⎨

⎪⎪⎩

∆Ψ =
1
3

ωii − Hϵ,

∆Dij = −ωij −ωji +
2
3

δijωkk.
(1.1.69)

They are explicit forms of the remained gauge d.o.f.
If the combination (hµν, Tµν) is the solution of EoM, (hµν + ∆hµν, Tµν + ∆Tµν) should

also be the solution and then so is their difference (−∆hµν,−∆Tµν). Therefore, for the scalar
modes, one can obtain the following special solution from Eqs. (1.1.45), (1.1.46), (1.1.64), and
(1.1.69).

⎧
⎪⎨

⎪⎩

Ψ = Hϵ− ωii
3

, Φ = −ϵ̇,

δp = − ˙̄pϵ, δρ = − ˙̄ρϵ, δu = ϵ, πS = 0.
(1.1.70)

Also for the tensor modes

D ∝ ωij −
1
3

δijωkk, πT
ij = 0. (1.1.71)

To k ̸= 0 modes

Actually the above solutions for the scalar modes cannot be continued smoothly to the non-
zero wavenumber one. That is because, for k = 0, EoM (1.1.50) is trivially satisfied and the
required constraints have not been completely imposed. That is, the above solutions include
oneswhich cannot be obtained by the k→ 0 limit of the non-zerowavenumbermodes. Since
now πS = 0, one has to impose Φ = Ψ by hand. Namely

ϵ̇ = −Hϵ +
ωkk
3

. (1.1.72)

Incidentally, Eq. (1.1.51) is also trivially satisfied, but we have already obtained the required
condition δu = ϵ. From the above results, it is shown that there is the solution where the
curvature perturbation asymptote to

ζ = R =
ωkk
3

= const. (1.1.73)

Inversely ϵ can be solved as

ϵ(t) =
ζ

a(t)

∫ t

T
a(t′)dt′, (1.1.74)
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then

Ψ = Φ = ζ

[
−1 +

H(t)
a(t)

∫ t

T
a(t′)dt′

]
, (1.1.75)

δp
˙̄p
=

δρ
˙̄ρ
= −δu = − ζ

a(t)

∫ t

T
a(t′)dt′. (1.1.76)

Note in particular that these scalar modes have equal values for δρα/ ˙̄ρα for all individual
constituents α of the universe, whether or not energy is separately conserved for these con-
stituents. For this reason, such perturbations are called adiabatic and any other solutions are
called entropic. Adiabatic perturbations are related with the additional gauge d.o.f. in the
homogeneous limit.

Assuming the time dependence of the scale factor as

a ∝ t
2

3(1+w) , (1.1.77)

where w = p̄/ρ̄ is the EoS of the fluid, the concrete solutions for non-zero ζ are given by

Ψ = Φ = −3(1 + w)
5 + 3w

ζ,
δρ
˙̄ρ
=

δp
˙̄p
= −3(1 + w)

5 + 3w
tζ. (1.1.78)

Also the comoving density perturbation is

∆ρ,k =
2(1 + w)
5 + 3w

(
k

aH

)2
ζk. (1.1.79)

1.2 Perturbation	in	inflation

So far we have seen the generic properties of cosmological perturbations. In this section,
let us concentrate on the perturbation generated in the inflationary universe. Several useful
expressions for scalar fields are summarized in Appendix A.

1.2.1 Generic	formulation

Let us begin by generic prescriptions. Considering N scalar fields φn(x) (n = 1, · · · ,N ),
the most generic action with GR gravity can be written as

S =
∫

d4x
√
−g
[
−1

2
gµνγnm(φ)∂µφn∂νφm −V(φ)

]
, (1.2.1)

where V(φ) is an arbitrary real potential and γnm(φ) is an arbitrary real symmetric positive-
definite matrix called field space metric. For this action, the Euler-Lagrange equation w.r.t. φn

takes the form of

∂µ
(√
−ggµνγnm(φ)∂νφm) =

√
−g
(

1
2

gµν ∂γlm(φ)
∂φ̄n ∂µφl∂νφm + Vn

)
, (1.2.2)

where Vn = ∂V/∂φn.
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We take each scalar field φn(x) as an unperturbed homogeneous background φ̄(t) plus
a linear order perturbation δφn(x, t):

φn(x, t) = φ̄n(t) + δφn(x, t). (1.2.3)

The unperturbed field equation (1.2.2) reads

¨̄φn + γn
ml(φ̄)

˙̄φm ˙̄φl + 3H ˙̄φn + γnm(φ̄)Vm(φ̄) = 0, (1.2.4)

where γnm is the inverse of γnm and γn
ml is the affine connection in the field space given by

γn
ml(φ̄) =

1
2

γnk(φ̄)

(
∂γkm(φ̄)

∂φ̄l +
∂γkl(φ̄)

∂φ̄m − ∂γml(φ̄)

∂φ̄k

)
. (1.2.5)

By differentiate the unperturbed energy density w.r.t. t and using EoM, one can obtain

Ḣ = − 1
2M2

Pl
γnm(φ̄) ˙̄φn ˙̄φm, (1.2.6)

related to Eq. (0.2.17).
For more than one scalar field Tµν is not of the perfect fluid form to all orders in per-

turbations, but at least in the linear order, one can see that the anisotropic inertia actually
vanishes (see Appendix A). Since there is no first order anisotropic inertia, in the Newtonian
gauge one has Φ = Ψ, so h00 = −2Ψ, and the Einstein equation (1.1.51) takes the form

Ψ̇ + HΨ =
1

2M2
Pl

γnm(φ̄) ˙̄φnδφm. (1.2.7)

The first order terms in the field equation (1.2.2) give

D2

Dt2 δφn + 3H
D
Dt

δφn + γnm(φ̄)Vml(φ̄)δφl −
(
∇2

a2

)
δφn

= −2γnm(φ̄)ΨVm(φ̄) + 4Ψ̇ ˙̄φn − γn
lmk(φ̄) ˙̄φl ˙̄φmδφk, (1.2.8)

where γn
lmk(φ̄) is the Riemann tensor in field space defined by

γn
lmk(φ̄) =

∂γn
lm(φ̄)

∂φ̄k −
∂γn

lk(φ̄)

∂φ̄m + γr
lm(φ̄)γ

n
kr(φ̄)− γr

lk(φ̄)γ
n
mr(φ̄), (1.2.9)

and we use the covariant derivative:

D
Dt

vn =
∂

∂t
vn + γn

lm(φ̄)
˙̄φlvm, (1.2.10)

for any contravariant vector vn. Also the Poisson-like constraint (1.1.55) is here
(

Ḣ − ∇
2

a2

)
Ψ =

1
2M2

Pl
γnm(φ̄)

(
− ˙̄φn D

Dt
δφm + δφm D

Dt
˙̄φn
)

. (1.2.11)

Before moving to the Fourier space, note that we would like to treat δφn and Ψ as quan-
tum field operators. With N scalar fields, there are N pairs of annihilation and creation
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operators, but Ψ is just a auxiliary field and does not increase physical d.o.f. Therefore the
decompositions of δφn and Ψ to plane waves can be written as

δφ̂n(x, t) =
N
∑

N=1

∫ d3q
(2π)3

[
δφn

Nq(t)e
iq·x âNq + δφn∗

Nq(t)e
−iq·x â†

Nq

]
, (1.2.12)

Ψ̂(x, t) =
N
∑

N=1

∫ d3q
(2π)3

[
ΨNq(t)eiq·x âNq + Ψ∗Nq(t)e

−iq·x â†
Nq

]
. (1.2.13)

Since each annihilation or creation operator is independent, the each coefficient should sat-
isfy the field equations. Therefore the field equations read

Ψ̇Nq + HΨNq =
1

2M2
Pl

γnm(φ̄) ˙̄φnδφm
Nq, (1.2.14)

D2

Dt2 δφn
Nq + 3H

D
Dt

δφn
Nq + γnm(φ̄)Vml(φ̄)δφl

Nq +
(q

a

)2
δφn

Nq

= −2γnm(φ̄)ΨNqVm(φ̄) + 4Ψ̇Nq ˙̄φn − γn
lmk(φ̄) ˙̄φl ˙̄φmδφk

Nq, (1.2.15)

with the constraint
(

Ḣ +
q2

a2

)
ΨNq =

1
2M2

Pl
γnm(φ̄)

(
− ˙̄φn D

Dt
δφm

Nq + δφm
Nq

D
Dt

˙̄φn
)

. (1.2.16)

If the constraint is satisfied once, the field equations do not spoil this constraint. There-
fore it is used only for the determination of the initial condition. Noting that one can take
the massless limit as q2/a2 ≫ Vnm well inside the horizon q ≫ aH, let us look for the WKB
solutions:

δφn
Nq(t)→ f n

Nq(t) exp
(
−iq

∫ t

t1

dt′

a(t′)

)
, (1.2.17)

ΨNq(t)→ gNq(t) exp
(
−iq

∫ t

t1

dt′

a(t′)

)
, (1.2.18)

where ḟ n
Nq(t) and ġNq(t) are negligible compared to q/a. Eqs. (1.2.14) and (1.2.16) are both

satisfied to leading order in q/a if one takes

gNq =
ia

2M2
Plq

γnm(φ̄) ˙̄φn f m
Nq. (1.2.19)

The terms in Eq. (1.2.15) of first order in q/a then give

D
Dt

f n
Nq + H f n

Nq = 0. (1.2.20)

To solve this, we note that, because γnm(φ̄(t)) is positive-definite, it can be written in terms
of a set of vielbeins en

N(t) as

γnm(φ̄(t)) = ∑
N

en
N(t)e

m
N(t). (1.2.21)
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These vielbeins can be defined to satisfy the equation of parallel transport2

D
Dt

en
Nq = 0, (1.2.22)

so the solutions of Eq. (1.2.20) can be given by

f n
Nq(t) ∝ a−1(t)en

N(t). (1.2.23)

The total normalization is determined by the canonical quantization. If one imposes
the commutation relation as

⎧
⎨

⎩
[φn(x, t), φ̇m(y, t)] = ia−3(t)γnm(φ̄(t))δ(3)(x− y),

[φn(x, t), φm(y, t)] = [φ̇n(x, t), φ̇m(y, t)] = 0,
(1.2.24)

and assumes that the creation-annihiliation operators are normalized as

[âNq, â†
N′q′ ] = (2π)3δ(3)(q− q′)δNN′ , [âNq, âN′q′ ] = [â†

Nq, â†
N′q′ ] = 0, (1.2.25)

one obtains the normalized initial condition

δφn
Nq(t)→

1
a(t)

√
2q

en
N(t) exp

(
−iq

∫ t

t1

dt′

a(t′)

)
, (1.2.26)

ΨNq →
iγnm(φ̄)em

N(t) ˙̄φn(t)
2M2

Pl
√

2q3
exp

(
−iq

∫ t

tq

dt′

a(t′)

)
. (1.2.27)

Finally let us show the expression of the curvature perturbation. Since the curvature
perturbation on the uniform density slice has a little complicated expression, we here use
the curvature perturbation on the comoving sliceR. It is given by, with use of Eq. (A.1.8),

R(x, t) = −Ψ(x, t) + H(t)δu(x, t)

= −Ψ(x, t) +
H(t)

2M2
PlḢ(t)

γnm(φ̄(t)) ˙̄φn(t)δφm(x, t)

= ∑
N

∫ d3q
(2π)3

[
eiq·x âNqRNq(t) + e−iq·x â†

NqR∗Nq(t)
]

, (1.2.28)

where

RNq(t) = −ΨNq(t) +
H(t)

2M2
PlḢ(t)

γnm(φ̄(t)) ˙̄φn(t)δφm
Nq(t). (1.2.29)

Its power spectrum is given by

PR(k) =
k3

2π2 ∑
N
|RNk|2. (1.2.30)

At least numerically one can calculate the perturbation in inflation with use of the re-
sults obtained in this subsection, and we follow such a procedure in Chapter 5. In the next
subsection, let us proceed the analytic study in the simplest case.

2For example, if the field metric is diagonalized as γnm(φ) = Cn(φ)δnm where the summation w.r.t. n is not
taken, the simple realization of vielbeins is en

N(t) = C−1/2
n ( ˙̄φ)δn

N and it satisfies the parallel transport equation.
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1.2.2 Canonical	single	field	case

In this subsection, we illustrate several analytic results in the simplest case, that is, the canon-
ical single field case:

S =
∫

d4x
√
−g
[
−1

2
gµν∂µφ∂νφ−V(φ)

]
. (1.2.31)

In this case, the field equations, constraint, and initial conditions read

Ψ̇q + HΨq =
1

2M2
Pl

˙̄φδφq, (1.2.32)

δφ̈q + 3Hδφ̇q + V ′′(φ̄)δφq +
(q

a

)2
δφq = −2ΨqV ′(φ̄) + 4Ψ̇q ˙̄φ, (1.2.33)

(
Ḣ +

q2

a2

)
Ψq =

1
2M2

Pl
(− ˙̄φδφ̇q + ¨̄φδφq), (1.2.34)

δφq →
1

a(t)
√

2q
exp

(
−iq

∫ t

t1

dt′

a(t′)

)
, (1.2.35)

Ψq →
i ˙̄φ

2M2
Pl
√

2q3
exp

(
−iq

∫ t

t1

dt′

a(t′)

)
. (1.2.36)

The Friedmann equation and the decay rate of the Hubble parameter can be written as

3M2
PlH

2 =
1
2

˙̄φ2 + V(φ̄), Ḣ = −
˙̄φ2

2M2
Pl

. (1.2.37)

The curvature perturbation on the comoving slice is given by

Rq = −Ψq + Hδuq = −Ψ− H
˙̄φ

δφq. (1.2.38)

One can show that it satisfies the following EoM with use of the above field equations.

R̈q +

(
3H − 2Ḣ

H
+

Ḧ
Ḣ

)
Ṙq +

q2

a2Rq = 0. (1.2.39)

Since there is only one physical d.o.f., we need not to calculate two dynamical variables δφ
and Ψ and this single equation involves all necessary information.

Let us consider the gauge-invariant scalar perturbation similar toR. We define such a
quantity by [17, 18]

Q = δφ +
˙̄φ

H
Ψ. (1.2.40)

Q is related withR byR = −HQ/ ˙̄φ. One can derive the EoM for this variable as

Q̈q + 3HQ̇q +

[(q
a

)2
+ V ′′(φ̄) +

2
M2

Pl
∂t

(
V(φ̄)

H

)]
Qq = 0. (1.2.41)
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If one neglects the third term in the bracket, the above equation is just reduced to the equation
for δφ ignoring the metric perturbation. Therefore this term can be interpreted to represent
the effect of the metric perturbations. However, if the universe is sufficiently close to the de
Sitter spacetime, this time derivative term is indeed negligible. Thus in the slow-roll limit
one can safely neglect the metric perturbation and simply regard Q as δφ.

Now the EoM for δφ reduces to

δφ̈ + 3Hδφ̇ +

[
k2

a2 + V ′′
]

δφ = 0. (1.2.42)

If one assumes that V ′′ is almost constant as V ′′ ≃ m2, it is useful to rewrite this equation by
changing the variable to u = aδφ and using the conformal time adη = dt. Then the equation
reads

u′′ +
(

k2 − a′′

a
+ a2m2

)
u = 0, (1.2.43)

where prime denotes the η-derivative. In the de Sitter limit, it is

u′′ +
[

k2 −
(

2− m2

H2

)
1
η2

]
u = 0. (1.2.44)

The solution of this equation is given by the Hankel function, and considering the initial
condition (1.2.35), the resultant expression is

uk(η) = ei 2ν+1
4 π

√
π

4k
√
−kηH(1)

ν (−kη), (1.2.45)

where H(1)
ν (x) is the Hankel function of the first kind and

ν =

√
9
4
− m2

H2 ≃
3
2
− m2

3H2 . (1.2.46)

Therefore the power spectrum of the original variable δφ is given by

Pδφ(k) =
k3

2π2 |δφk|2 =
H2

8π

(
k

aH

)3 ∣∣∣∣H
(1)
ν

(
k

aH

)∣∣∣∣
2

, (1.2.47)

in the de Sitter limit η = −(aH)−1. With use of the asymptotic form of the Hankel function:

H(1)
ν (x)→ − iΓ(ν)

π

(
2
x

)ν

, for x → 0, (1.2.48)

one can obtain the superhorizon asymptotic value of Pδφ as

Pδφ(k)→
H2

2π3 Γ2(ν)

(
k

aH

)3−2ν

≃
(

H
2π

)2 ( k
aH

) 2m2
3H2

, for k≪ aH. (1.2.49)

Here we used Γ(ν) ≃ Γ(3/2) =
√

π/2. Therefore in the massless limit, the amplitude of
the perturbation δφ asymptotes to the constant (H/(2π))2 on the superhorizon, and more-
over, the asymptotic form of the Hankel function (1.2.48) indicates that δφ itself ceases to
oscillation. This phenomenon is called freeze-out of perturbations.
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The power spectrum of the curvature perturbations can be derived easily as

PR =

(
H
˙̄φ

)2

Pδφ =
1

2ϵH M2
Pl

(
H
2π

)2
, (1.2.50)

where ϵH = −Ḣ/H2 is the slow-roll parameter. This is the standard result in the linear
perturbation theory.

Finally let us briefly mention the classicalization of the perturbation. As we have seen,
the perturbations are assumed to be quantum field operators during inflation. However
generally the cosmological perturbations are treated as classical fields after inflation. This is
justified by the so-called classicalization of the perturbation. The commutation relation

[δφ(x, t), δφ̇(y, t)] = ia−3δ(3)(x− y). (1.2.51)

is equivalent to the normalization of the mode function

u∗k u′k − uku∗′k = 2iImu∗k u′k = −ih̄. (1.2.52)

Here we explicitly write h̄. Since the classical limit corresponds with the h̄ → 0 limit, the
perturbations can be interpreted to be classical if Imu∗k u′k becomes negligible. Therefore the
quantity F(k) = Reu∗k u′k would be the indicator [19], that is, F ≫ 1 becomes a criterion of
the classicalization in the h̄ = 1 unit. In the subhorizon limit, Eq. (1.2.35) shows F(k) is quite
smaller than unity and indeed the quantum property cannot be neglected. However in the
superhorizon limit F(k) grows as a3 and therefore the perturbations are considered to be
classicalized on the superhorizon scale.



Chapter 2
Stochastic-δN Formalism

To go beyond the perturbation theory, the superhorizon dynamics has several useful prop-
erties. One is that it allows the wavenumber expansions. The other is that the superhorizon
perturbations can be treated as classical quantities. In this chapter, taking advantage of
these things, we introduce stochastic-δN formalism, in which the power spectrum of the
curvature perturbations can be calculated without the perturbative expansion w.r.t. the
inflaton fields. This chapter is partially based on Refs. [20, 21].

2.1 δN formalism

In the previous chapter, we show the gauge-invariant curvature perturbation is conserved
on the superhorizon scale in the adiabatic solution at least to linear order. Lyth, Malik,
and Sasaki [22] further proved that the superhorizon curvature perturbation is conserved
in all orders. Moreover they found that this quantity is simply given by the fluctuation
of the e-folding number δN, and therefore calculating the curvature perturbation in their
formulation is called δN formalism.

At first we use the standard (3 + 1)-decomposition of the metric, which applies to any
smooth spacetime [23]:

ds2 = −N 2dt2 + γij(dxi + βidt)(dxj + βjdt), (2.1.1)

whereN is the lapse function, βi is the shift vector, and γij is the spatial three metric. Let us
renormalize the spatial three metric as

γij = ã2(t, x)γ̃ij, det γ̃ij = 1. (2.1.2)

Here ã(t, x) represents the local scale factor. Further we define the curvature perturbation
ψ(t, x) by

ã(t, x) = a(t) exp(ψ(t, x)), (2.1.3)

with the global scale factor a(t).
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We consider only the long wavelength modes as k≪ aH, and in this case, the universe
should seem to be locally homogeneous and isotropic from the separate universe assump-
tion [24]. However the metric (2.1.1):

ds2 = −(N 2 − βiβi)dt2 + 2βidtdxi + γijdxidxj, (2.1.4)

includes the anisotropic component 2βidtdxi. Here spatial indices are raised and lowered
by γij. Therefore at least βi should be negligible in the long wavelength limit and it can be
written as βi = O(ϵ) where1

ϵ =
k

aH
≪ 1. (2.1.5)

These expansions w.r.t. ϵ = k/(aH) is called gradient expansion. We will use this gradient
expansion in the followings, but note that the expansion w.r.t. the perturbation itself is not
used.

By virtue of the separate universe assumption, the energy-momentum tensor will have
the perfect fluid form

Tµν = pgµν + (ρ + p)uµuν. (2.1.6)

Then let us take the comoving gauge where the spatial coordinate comoves with the fluid,
that is,

0 = vi =
dxi

dt
=

dxi

dτ

/
dt
dτ

=
ui

u0 . (2.1.7)

Here τ is the proper time. Recall that the four-velocity is normalized by uµuµ = −1 and
therefore

uµ =

[
1√

N 2 − βiβi
, 0, 0, 0

]
∼
[

1
N , 0, 0, 0

]
, (2.1.8)

at the leading order in ϵ. Now let us define the expansion θ as

θ = ∇µuµ =
1√−g

∂µ(
√
−guµ) =

1
N e3ψa3 ∂µ(N e3ψa3uµ)

∼ 1
N e3ψa3 ∂0

(
N e3ψa3 1

N

)
=

3
N

(
ȧ
a
+ ψ̇

)
. (2.1.9)

It is convenient to introduce the local Hubble parameter by 3H̃ = θ.
To relate the local Hubble parameter with the energy density of the universe, we now

consider the conservation of the energy density ∇µTµν. From this, one can obtain

0 = uµ∇νTµν = −uν∇νρ− (ρ + p)θ. (2.1.10)

The first term is

uν∇νρ =
dxν

dτ

dρ

dxν
=

dρ

dτ
, (2.1.11)

1Note that this ϵ parameter is irrelevant to the gauge transformation ϵ(t) (1.1.63).
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and therefore
dρ

dτ
= −(ρ + p)θ. (2.1.12)

Since now the spatial coordinates are comoving with the fluid, the proper time is given by
dτ = Ndt. Thus

ρ̇ = −(ρ + p)N θ ∼ −3
(

ȧ
a
+ ψ̇

)
(ρ + p). (2.1.13)

Therefore the generalized continuity equation is given by

ȧ
a
+ ψ̇ = −1

3
ρ̇

ρ + p
, (2.1.14)

at the leading order in ϵ.
The e-folding number of the expansion from the time ti to tf can be defined as

N(tf, ti; x) =
1
3

∫ tf

ti
θNdt = −1

3

∫ tf

ti

ρ̇

ρ + p
dt =

∫ tf

ti

(
ȧ
a
+ ψ̇

)
dt

= log
[

a(tf)
a(ti)

]
+ ψ(tf, x)− ψ(ti, x). (2.1.15)

On the other hand the global e-foldings is

N0(tf, ti) = log
[

a(tf)
a(ti)

]
. (2.1.16)

Therefore its perturbation is given by

δN(tf, ti; x) = N(tf, ti; x)− N0(tf, ti) = ψ(tf, x)− ψ(ti, x). (2.1.17)

If one takes the flat time slice (ψ = 0) at ti and the uniform density slice (δρ = 0) at tf, the
fluctuation of the e-foldings is

δN(tf, ti; x) = ψ(tf)|ψ(ti)=0, δρ(tf)=0, (2.1.18)

and let the symbol ζ denote this quantity:

ζ = δN(tf, ti; x)|ψ(ti)=0, δρ(tf)=0. (2.1.19)

On the other hand, if the universe is adiabatic and the pressure is a function only of the
energy density p = p(ρ), the global continuity equation gives

N0 =
∫ tf

ti

ȧ
a

dt = −1
3

∫ ρ̄(tf)

ρ̄(ti)

dρ

ρ + p
. (2.1.20)

Therefore Eq. (2.1.17) reads

ψ(tf, x)− ψ(ti, x) = −1
3

∫ ρ(tf,x)

ρ(ti,x)

dρ

ρ + p
+

1
3

∫ ρ̄(tf)

ρ̄(ti)

dρ

ρ + p

=
1
3

(
−
∫ ρ(tf,x)

ρ̄(tf)

dρ

ρ + p
+
∫ ρ(ti,x)

ρ̄(ti)

dρ

ρ + p

)
. (2.1.21)
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Hence the quantity ζ(x) defined by

ζ(t, x) = ψ(t, x) +
1
3

∫ ρ(t,x)

ρ̄(t)

dρ

ρ + p
, (2.1.22)

is time-independent, and indeed it is equivalent δN (2.1.19) if one takes the flat slice at ti
and the uniform density slice at tf. That is the proof of the conservation of the curvature
perturbations.

Finally let us mention the correspondence with the Newtonian gauge. In the Newto-
nian gauge, the metric is given by

ds2 = −(1 + 2Φ)dt2 + a2 [δij(1− 2Ψ) + Dij
]

dxidxj, (2.1.23)

while the current notation gives

ds2 = −N 2dt2 + a2e2ψγ̃ijdxidxj. (2.1.24)

This spatial part can be written as, with use of the traceless tensor χij,

a2(t)[(1 + 2ψ)δij + 2χij], (2.1.25)

in the small perturbation case. Therefore there is a correspondence as ψ ↔ −Ψ, and with
use of

∫ ρ(x)

ρ̄

dρ

ρ + p
∼ δρ(x)

ρ̄ + p̄
, (2.1.26)

at the linear order, one can see that ζ(x) defined in this section is equivalent to the quantity
described in the previous chapter (1.1.59).

2.1.1 Application	to	the	perturbation	theory

Here let us briefly see that the δN formalism consistently reproduces the result of the linear
perturbation theory in the single-field case. We consider the slow-roll EoM (0.2.21) for the
background inflaton field

3H ˙̄φ = −V ′, ⇔ dφ̄

dN
= −M2

Pl
V ′

V
= −
√

2ϵV MPl, (2.1.27)

where ϵV =
M2

Pl
2

(
V′
V

)2
is the slow-roll parameter (0.2.23) (here we assume V ′ > 0). Also

here we introduce the e-foldings as a time variable such that dN = Hdt. Due to the separate
universe assumption, EachHubble patch evolves as a locally homogeneous FLRWuniverse,
following the same above EoM for the background field. Therefore the elapsed e-folding
number from φi to φf in each Hubble patch x is (note again that φf < φi since we assume
V ′ > 0)2

N(tf, ti; x) =
∫ φi(x)

φf

dφ√
2ϵV MPl

. (2.1.28)

2The e-folding number with such a definition is often called backward e-folds, since it is counted backwardly
from the end surface. In the δN formalism, the curvature perturbation is given by the fluctuation of this back-
ward e-folds, strictly speaking.
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Here we take the uniform φ slice at tf, which is equivalent to the uniform density slice in
the slow-roll single-field case, while the initial field value φi(x) is fluctuated and causes the
difference in the elapsed e-foldings N(tf, ti; x). At the linear order, its fluctuation is given by

δN(tf, ti; x) =
1√

2ϵV MPl
δφ(x), (2.1.29)

and its power spectrum reads

PδN =
1

2ϵV M2
Pl
Pδφ =

1
2ϵV M2

Pl

(
H
2π

)2
, (2.1.30)

consistently with the result of the linear perturbation theory (1.2.50). Since the inflaton’s
perturbation is assumed to be classicalized soon after its horizon exit, the right-hand side of
this equation is evaluated at the horizon exit of the considered scale k = aH.

The scale dependence of the power spectrum ∂ logPζ/∂ log k can be also calculated
easily. In the slow-roll limit, the horizon scale k = aH and the backward e-folds N at that
time are related with k = aH ∼ kfe−N where kf is the horizon scale at the end of inflation
kf = (aH)f. Then the considered scale and the evaluation time are connected by d log k =
−dN. Therefore the the spectral index nS defined by

nS − 1 =
∂ logPζ

∂ log k
, (2.1.31)

is given by

nS − 1 = −∂ log V
∂N

+
∂ log ϵV

∂N
= −6ϵV + 2ηV , (2.1.32)

which can be checked with use of the definition of the slow-roll parameters (0.2.23) and
(0.2.27) and the slow-roll EoM (2.1.27).

Note that in the δN formalism we only need the background EoM as long as the am-
plitude of the scalar perturbation is well approximated by H/(2π). Therefore even in the
multi-field case, fluctuating the initial field value by H/(2π) and solving the background
EoM, obtained fluctuations of the elapsed e-folds to the end surface is nothing but the cur-
vature perturbation. This simplicity is the strong point of the δN formalism.

2.2 Stochastic	formalism

To treat the superhorizon scalar perturbations more explicitly and intuitively, the stochastic
formalism is quite strong tool, which was proposed by Starobinsky [25]. In this formalism,
the background field is not assumed to be homogeneous any longer, but instead all super-
horizon perturbations are directly treated as the classical background field. In this section,
let us derive the EoM for this perturbed background field, following Ref. [26–28].

We begin by the standard scalar action:

S[φ] =
∫

d4x
√
−g
[
−1

2
gµν∂µφ∂νφ−V(φ)

]
. (2.2.1)
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For the inflaton potential, we assume that it is sufficiently flat to support the slow-roll in-
flation and its mass term m2 = V ′′(φ̄) can be approximated to be almost constant. In the
slow-roll limit, one can neglect the metric perturbation as we mentioned in Sec. 1.2.2, there-
fore the background metric is given by the flat FLRW as

ds2 = a2(η)(−dη2 + dx2), (2.2.2)

where η is the conformal time.
Then let us decompose the scalar field into the super- and subhorizon modes as

φ(x) = φIR(x) + φUV(x), (2.2.3)

where φIR and φUV denote the super- and subhorizonmodes respectively. Concretely speak-
ing, it is achieved with use of some window function W(k, t) as

φUV(x) =
∫ d3k

(2π)3 W(k, t)φkeik·x, (2.2.4)

where the window function W(k, t) cuts off the superhorizon modes. We also decompose
the action itself into the part depending only on the IR field SIR[φIR] = S[φIR], only on the
UV field SUV[φUV] = S[φUV], and depending on both the IR and UV field Sint[φIR, φUV]:

S[φ] = SIR[φIR] + SUV[φUV] + Sint[φIR, φUV]. (2.2.5)

To obtain the vacuum expectation value of several operators for this action, one can use
the closed time path formulation (see e.g. the textbook [29]). In this formulation, the vacuum
expectation value can be calculated in the same manner of the scattering process along both
the forward and backward time paths. The partition function is expressed as follows in the
path integral formalism.

Z[J] = N
∫

Dφ+
IRDφ−IRDφ+

UVDφ−UV exp[i(S[φ+]− S[φ−])]

× exp
[

i
∫

d4x(J+(x)φ+(x)− J−(x)φ−(x))
]

. (2.2.6)

The superscripts+ and− stand for the field on the forward and backward time path respec-
tively. Note thatN formally represents the normalization factor and they do not necessarily
take the same value in different equations. Let us introduce the doublet expression to avoid
a heavy notation as

Ja =

(
J+
J−

)
, φa =

(
φ+

φ−

)
, (2.2.7)

and we express the spacetime integral as the inner product in the 2D space whose metric is
(1,−1):

∫
d4x(J+(x)φ+(x)− J−(x)φ−(x)) = Jaφa = J · φ. (2.2.8)

The partition function can be also decomposed into the IR and UV part as

Z[JIR, JUV] = N
∫

Dφ±
IRei(S+

IR−S−IR+JIR·φIR)
∫

Dφ±
UV exp

[
i(S+

UV − S−UV + S+
int − S−int + JUV · φUV)

]
,

(2.2.9)
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and the latter part:

F[φIR; JUV] =
∫

Dφ±
UV exp

[
i(S+

UV − S−UV + S+
int − S−int + JUV · φUV)

]
, (2.2.10)

is referred to as influence functional, and the influence action SIA[φIR; JUV] is defined by F[φIR; JUV] =
N eiSIA[φIR;JUV].

These expressions are still mere identical transformations. But here we impose two
assumptions. One is that the UV field can be treated perturbatively as we did so far. That is,
the influence functional F[φIR; JUV] is assumed to be solved in the perturbative expansion.
The other one is that the IR field can be regarded as a classical field. Therefore the integral
w.r.t. the IR field just gives the stationary value around the vev ϕ = ⟨φIR⟩. As a result, one
can expect the following form of the partition function.

Z[JIR, JUV] = N ei(S[ϕ+]−S[ϕ−]+SIA[ϕ,JUV]+JIR·ϕ). (2.2.11)

Writing it as eiW[J], the Legendre transformation of W[J] is the effective action for ϕ:

Γ[⟨φ⟩] = W[J]− J · ⟨φ⟩ , (2.2.12)

where ⟨φ⟩ = (δ/δJ)W[J]. The UV modes are almost free fields and we do not assume that
they have non-zero vev. Also for IR modes, JIR · ϕ obviously cancel each other. Therefore
the effective action for the IR field is given by taking J = 0 in W[J]:

ΓIR[ϕ] = S[ϕ+]− S[ϕ−] + SIA[ϕ; J = 0]. (2.2.13)

If one takes account only of the mass term for the UV integral as a leading order calculation,
one can obtain the following result whose detailed derivation is described in Appendix B.

S(1)
IA =

i
2

∫
d4xd4x′ϕq(x)Re[Π(x, x′)]ϕq(x′)− 2

∫
d4xd4x′θ(t− t′)ϕq(x)Im[Π(x, x′)]ϕc(x′),

(2.2.14)

where

Π(x, x′) =
∫ d3k

(2π)3 a3(t)[Ptφk(t)]eik·xa3(t′)[Pt′φ
∗
k(t
′)]e−ik·x′ , (2.2.15)

with the following derivative operator

Pt = [Ẅ(k, t) + 3HẆ(k, t) + 2Ẇ(k, t)∂t]. (2.2.16)

Also ϕc and ϕq are the Keldysh basis defined by

(
ϕc
ϕq

)
=

(
ϕ++ϕ−

2
ϕ+ − ϕ−

)
. (2.2.17)

φk(t) is the mode function of φ.
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The second term of this influence action is actually negligible. To proceed further cal-
culations, let us take a concrete window function as W(k, t) = θ(k − ϵaH) = θt where ϵ
would be a small positive parameter. Then the influence action reads

S(1)
IA ≃

i
2

∫
d4xd4x′

∫ d3k
(2π)3 a3(t)ϕq(x)Re[(3Hθ̇t + θ̈t + 2θ̇t∂t)φk(t)eik·x

×(3Hθ̇t′ + θ̈t′ + 2θ̇t′∂t′)φk(t′)eik·x′ ]a3(t′)ϕq(x′). (2.2.18)

For the mode function, we adopt the free field solution (1.2.45):

φk =

√
π

2
H|η|3/2H(1)

ν

(
k

aH

)
, ν =

√
9
4
− m2

H2 , (2.2.19)

neglecting the interaction terms as a leading order calculation. Here we omit the irrelevant
constant phase. For this mode function, the following relation is satisfied on the cut-off scale
k = ϵaH:

φ̇k(t)|k=ϵaH = qν(ϵ)φk(t)|k=ϵaH, (2.2.20)

where

qν(ϵ) = −H

((
3
2
− ν

)
+ ϵ

H(1)
ν−1(ϵ)

H(1)
ν (ϵ)

)
. (2.2.21)

With these results, integrating by parts, one can obtain

S(1)
IA ≃

i
2

∫
d4xd4x′Re[Q(x)A(x, x′)Q∗((x′)], (2.2.22)

where

Q(x) = (ϕq(x)qν(ϵ)− ϕ̇q(x))a3(t), (2.2.23)

and

A(x, x′) =
∫ d3k

(2π)3 θ̇tφk(t)θ̇t′φ
∗
k(t
′)eik·(x−x′)

=
H3

8π
ϵ3|H(1)

ν (ϵ)|2 sin(ϵaHr)
ϵaHr

δ(t− t′), r = |x− x′|. (2.2.24)

Here note that the influence action is pure imaginary, while we would like a real con-
tribution for a real scalar ϕ. Indeed the contribution of this term to the EoM for the IR mode
vanishes at this stage, which can be described as follows. First, originally +/− basis is
just copied d.o.f. and classical solution for them should be the same ϕ+ = ϕ−. Therefore
ϕc = (ϕ+ + ϕ−)/2 represents the true solution for the IR field and its EoM can be obtained
by δS/δϕq|ϕq=0. However, since the obtained influence action is the quadratic order of ϕq,
its contribution to EoM vanishes. To take account of its true effect, one has to rewrite this
term by the Gaussian integral. That is, the effective action can be rewritten as

exp(iΓIR[ϕ]) =
∫

DξRDξIP[ξR]P[ξI] exp(iSeff[ϕ]), (2.2.25)
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with the auxiliary fields ξR, I. Here P[ξ] is the Gaussian weight:

P[ξ] = (2π
√

det A)−1 exp
(
−1

2

∫
d4xd4x′ξ(x)A−1(x, x′)ξ(x′)

)
, (2.2.26)

and the real effective action Seff is

Seff[ϕ] = S[ϕ+]− S[ϕ−] +
∫

d4x[ξR(x)ReQ(x) + ξIImQ(x)]. (2.2.27)

So finally one obtains the following EoM for ϕ = ϕc.

0 =
δSeff
δϕq

∣∣∣∣
ϕq=0

= ϕ̈ + 3H ϕ̇− a−2∇2 ϕ + V ′(ϕ)− (qR + 3H)ξR − ξ̇R − qIξI, (2.2.28)

where qR, I represent Reqν and Imqν respectively. Also it can be rewritten as
⎧
⎨

⎩
ϕ̇ = π + ξR,

π̇ = −3Hπ + a−2∇2 ϕ−V ′ + qRξR + qIξI,
(2.2.29)

ξR, I can be treated as Gaussian noise, whose correlations are given by

⟨ξR(x)ξR(x′)⟩ =
∫

DξRP[ξR]ξR(x)ξR(x′) = A(x, x′), (2.2.30)

⟨ξI(x)ξI(x′)⟩ =
∫

DξIP[ξI]ξI(x)ξI(x′) = A(x, x′), (2.2.31)

⟨ξR(x)ξI(x′)⟩ =
∫

DξRDξIP[ξR]P[ξI]ξR(x)ξI(x′) = 0. (2.2.32)

Note that qν(ϵ) = O(ϵ2) and the gradient term also gives only the contribution of O(ϵ).
Therefore for sufficiently small ϵ, the EoM can be much simplified as

⎧
⎨

⎩
ϕ̇ = π + ξ,

π̇ = −3Hπ −V ′.
(2.2.33)

Also, since the correlation amplitude A(x, x′) can be written in terms of the power spectrum
of φ (1.2.47) as

A(x, x′) = Pφ(k = ϵaH)
sin(ϵaHr)

ϵaHr
Hδ(t− t′) = Pφ(k = ϵaH)

sin(ϵaHr)
ϵaHr

H2δ(N − N′),

(2.2.34)

and sin(ϵaHr)/(ϵaHr) can be approximated by the step function θ(1− ϵaHr) for a coarse-
grained field, the EoM can be rewritten as follows where we take the e-folds as a time vari-
able dN = Hdt and renormalize the noise term to unity:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dφ

dN
=

π

H
+ P1/2

φ (k = ϵaH)ξ,

dπ

dN
= −3π − V ′

H
,

⟨ξ(N, x)ξ(N′, x′)⟩ = θ(1− ϵaHr)δ(N − N′).

(2.2.35)
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By considering the field coarse-grained on the superhorizon scale as the classical back-
ground, we obtained the additional noise term, which is independent for each Hubble patch
(∝ θ(1− ϵaHr)) and has a white spectrum (∝ δ(N − N′)), and whose amplitude is given by
the scalar power spectrum. That is, the stochastic formalism can take account of the Hubble
fluctuation into the EoM for the background field as this noise term. Due to this noise, each
Hubble patch behaves as a Brownian motion drifted by the potential force.

2.3 Stochastic-δN formalism

So far we have seen the δN formalism and the stochastic formalism. According to the δN
formalism, the gauge-invariant curvature perturbations can be obtained as the fluctuations
of the elapsed e-foldings due to the scalar field fluctuation. On the other hand, the stochas-
tic formalism reveals that each Hubble patch receives the independent Brownian noise as
the Hubble fluctuation. This Hubble noise automatically generates the e-folds fluctuation,
and therefore combining it with the δN formalism, the curvature perturbations can be calcu-
lated without any perturbative expansion w.r.t. the inflaton fields. We call this formulation
stochastic-δN formalism and in Refs. [20, 21] we proposed the concrete algorithm to calculate
the power spectrum of the curvature perturbation in this formalism.

The key obstacle is that it is quite difficult to solve the Langevin equation (2.2.35) (EoM
with noise term) for all spatial points simultaneously. On the other hand the one point dy-
namics (or one Hubble patch dynamics) can be easily calculated at least numerically since
it is nothing but the simple drifted Brownian motion. Of course the information of the cor-
relation function cannot be obtained at this stage, but here let us recall that the original δN
formalism also does not require the equations for the perturbation which involve the infor-
mation of the scale. Instead the corresponding scale is assumed to be given by the horizon
scale k = aH at the initial surface. That is, in the δN formalism, the scale is related with
the cosmic time N of the initial slice. This concept can be extended to the stochastic-δN
formalism.

Let us consider the single-field case for simplicity at first. If one takes the initial condi-
tion at some field value φ1, by solving the one Hubble patch dynamics many times, one can
obtain the data set of the elapsed e-folding numbers, and of course its mean value, variance,
and so on, (⟨N1⟩, ⟨δN2

1 ⟩ = ⟨N2
1 ⟩ − ⟨N1⟩2, · · · ). The mean e-folds indicates that the Hubble

patch at the initial time is expanded to ϵ−1H−1
f e⟨N⟩ at the end surface, where ϵ−1H−1

f is the
Hubble scale at that time (we include ϵ parameter since the Hubble scale is determined in
this way in the stochastic formalism). Therefore the variance ⟨δN2⟩ only involves the per-
turbations whose scales are between them ki = ϵ(aH)f e−⟨N⟩ < k < kf = ϵ(aH)f as

⟨δN2⟩ =
∫ kf

ki

dk
k
PδN ≃

∫ log kf

log kf−⟨N⟩
PζdN. (2.3.1)

Inversely the power spectrum of the curvature perturbation can be obtained by differentiat-
ing them as

Pζ(k) =
d

d ⟨N⟩ ⟨δN2⟩
∣∣∣∣
k=kfe−⟨N⟩

. (2.3.2)
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Practically it is calculated by slightly shifting the initial condition to φ2 and then

Pζ

(
k = kfe−(⟨N1⟩+⟨N2⟩)/2

)
≃ ⟨δN2

1 ⟩ − ⟨δN2
2 ⟩

⟨N1⟩ − ⟨N2⟩
. (2.3.3)

This is the rough sketch of the algorithm to calculate the power spectrum in the stochastic-δN
formalism. Below let us summarize this algorithm in detail.

1. Choose “initial” value φi for the inflaton field, from which the Langevin equation is
solved.3

2. By solving the Langevin equations (2.2.35) for one Hubble patch:
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dφ

dN
=

π

H
+ P1/2

φ (k = ϵaH)ξ,

dπ

dN
= −3π − V ′

H
,

⟨ξ(N)ξ(N′)⟩ = δ(N − N′),

(2.3.4)

from this “initial” value, one can obtain the elapsed e-folds N to some end uniform
density slice. Since the Langevin equations include random noise, this e-folds varies
in each calculation. Therefore, by reiterating the calculations, one can have a data set
of N, or equivalently its statistics like ⟨N⟩, ⟨δN2⟩ = ⟨N2⟩ − ⟨N⟩2, and so on.

3. Then repeat the above procedure with different “initial” values, and it gives other data
sets, ⟨N⟩ and ⟨δN2⟩. With sufficient iteration, the variance ⟨δN2⟩ can be written as a
function of ⟨N⟩.

4. Finally, differentiating the variance w.r.t. the mean e-folds, one can obtain the power
spectrum of the curvature perturbation.

Pζ =
d

d ⟨N⟩ ⟨δN2⟩ . (2.3.5)

The scale of the perturbations is related with the mean e-folds by

k = kfe−⟨N⟩, (2.3.6)

where kf is the horizon scale on the end surface.

This procedure is enough to obtain the power spectrum in the single-field case, but one
should be careful when this algorithm is extended to the multi-field case. That is because
in the multi-field case neither ⟨N⟩ nor ⟨δN2⟩ has the one-to-one correspondence with the
initial field value. It means that ⟨δN2⟩ is not a single-valued function w.r.t. ⟨N⟩. To avoid
this problem, each initial field value should be properly weighted. It can be achieved by
making sample paths so that they reproduce the Hubble patch dynamics in our observable
universe because what we observe practically is the fluctuation amplitude averaged over
the observable universe. The concrete algorithm as follows.

3Note that this “initial” value is set artificially to obtain the correspondence between ⟨N⟩ and ⟨δN2⟩ and does
not mean the true initial condition of inflation.
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i. Set the initial condition so that the mean e-folds from this point is around 60 e-folds.
This field value represents that of our observable universe around 60 e-folds before the
end of inflation (note that at that time the observable universe is within one Hubble
patch).4

ii. Solve the Langevin equations for multi-inflatons:
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dφI

dN
=

π I

H
+ P1/2

φI (k = ϵaH)ξ I ,

dπ I

dN
= −3π I − VI

H
,

⟨ξ I(N)ξ J(N′)⟩ = δI Jδ(N − N′),

(2.3.7)

from this initial condition many times, and then obtained solutions are called as sam-
ple paths. Here the superscripts I and J stands for the flavors of inflatons and VI =
∂V/∂φI . They represent the dynamics of the Hubble patches in our universe.

iii. Take the “initial” field value on these sample paths and proceed the algorithm 1–4.
The true variance or power spectrum is given by those averaged over these sample
paths:

P ζ =
d

d ⟨N⟩ ⟨δN2⟩, (2.3.8)

where overlines stand for the average over the sample paths. It is properly weighted
as the observable in our universe.

In Chapter 6, we apply this algorithm to hybrid inflation and calculate the power spec-
trum around its critical point where the perturbative expansion w.r.t. inflaton fields is bro-
ken down.

2.3.1 Analytic	expression

After our proposal of the stochastic-δN formalism, several authors [30–32] proceeded the
analytic studies for this algorithm. Particularly Vennin and Starobinsky [30] found the re-
cursive partial differential equation (2.3.31) which the nth moment of the backward e-folds
should satisfy. Therefore, if one can solve this partial differential equation, all information
of the curvature perturbation can be obtained beyond the perturbative expansion technique.
Let us review them in this subsection.

In the slow-roll limit (dπ I/dN = 0 and PφI = (H/2π)2), the Langevin equation (2.3.7)
reads

dφI

dN
= − VI

3H2 +
H
2π

ξ I , (2.3.9)

4Of course we do not know the true initial condition of our universe, and generally the resultant power
spectrum depends on this initial condition. However it is not the problem only for our formalism, but common
in the multi-field case. In general, the predictability of the inflationary models gets lost if the inflaton trajectory
does not converge well at least at the horizon exit of our universe.
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which is mathematically written as

dφI = − VI

3H2 dN +
H
2π

dWI , (2.3.10)

whereWI is the independent Brownianmotion. TheHubble parameter is given by the slow-
roll Friedmann equation:

3M2
PlH

2 = V. (2.3.11)

Below we consider the first passage time from some initial point φ∗ to some end sur-
face. For the hilltop type models, the initial point is inside the end surface around the end of
inflation and therefore the considered field space region Ω is compact. On the other hand,
for the chaotic type models, the initial point is outside the end surface. So we set another
boundary ∂Ω+ so that this and the end surface ∂Ω− enclose the initial point just for mathe-
matical reasons. In this case we consider the first passage time to ∂Ω+ or ∂Ω−. Practically
∂Ω+ is taken to infinity.

Let us consider some function of φ, f (φ). According to the Ito-Doeblin formula (see
e.g. the textbook [33]), the differential form of f is not given by the simple chain rule but
written as

d f (φ) = f IdφI +
1
2

f I JdφIdφJ . (2.3.12)

Also the differential of the Brownian motion shows following properties:

dWI(N)dW J(N) = δI JdN, dNdN = dNdWI(N) = 0. (2.3.13)

Substituting these properties into Eq. (2.3.12), one obtains,

d f (φ) =
(
− f I

vI

v
M2

Pl + f I IvM2
Pl

)
dN + f I

√
2vMPldWI . (2.3.14)

Here we used the useful dimensionless potential:

v =
V

24π2M4
Pl

=
H2

8π2M2
Pl

. (2.3.15)

Integrating it from φ∗ at N = 0 until it reaches the boundary ∂Ω+ or ∂Ω− for the first time
with the first passage time N , one obtains

f (∂Ω+ or ∂Ω−)− f (φ∗) =
∫ N

0
f I
√

2vMPldWI +
∫ N

0

[
f I IvM2

Pl − f I
vI

v
M2

Pl

]
dN. (2.3.16)

Note that the first passage time N itself is a random variable due to the Hubble noise. Re-
garding the first term in the righthand side, let us define the following function:

I(N) =
∫ N

0
f I
√

2vMPldWI (2.3.17)

Here N is not a random variable but an ordinary time variable. This function is martingale
since it is known that any integral of a stochastic process w.r.t. a Brownian motion called Ito
integral is martingale. That is, its expectation value is given by its initial value.

⟨I(N)⟩ = I(0) = 0. (2.3.18)
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Then we define Ĩ(N) as I(N) stopped at the boundary ∂Ω+ or ∂Ω− after its first reach:

Ĩ(N) =

{
I(N), N < N ,
I(N ), N ≥ N .

(2.3.19)

Therefore the first term in the righthand side of Eq. (2.3.16) is given by limN→∞ Ĩ(N). Here
according to the optional sampling theorem, it is known that any stopped martingale is also
martingale. Thus the expectation value of this term is actually zero.

Now these facts lead an interesting relation. If one imposes the following differential
equation on f ,

f I Iv− f I
vI

v
= − 1

M2
Pl

, (2.3.20)

with the boundary condition f (∂Ω+) = f (∂Ω−) = 0, Eq. (2.3.16) reads

N = f (φ∗) +
∫ N

0
f I
√

2vMPldWI , (2.3.21)

and its expectation value gives

f (φ∗) = ⟨N ⟩ . (2.3.22)

Therefore this function f gives the mean e-folds from φ∗ to the boundary ∂Ω+ or ∂Ω−.
The higher moments can be also obtained in a similar way. The square of Eq. (2.3.21) is

N 2 = f 2(φ∗) + 2 f (φ∗)
∫ N

0
f I
√

2vMPldWI +

(∫ N

0
f I
√

2vMPldWI
)2

, (2.3.23)

and according to the isometry of the Ito integral:
〈(∫

∆IdWI
)2
〉

=

〈∫
∆I∆IdN

〉
, (2.3.24)

its expectation value reads

⟨N 2⟩ = f 2(φ∗) +

〈∫ N

0
2v fI f I M2

PldN
〉

. (2.3.25)

Then, by letting g(φ) be a function satisfying

gIIv− gI
vI

v
= −2v fI f I , (2.3.26)

and the boundary condition g(∂Ω+) = g(∂Ω−) = 0, one obtains

⟨N 2⟩ = f 2(φ∗) + g(φ∗). (2.3.27)

Therefore g(φ∗) is a function giving the variance:

g(φ∗) = ⟨N 2⟩ − ⟨N ⟩2 = ⟨δN 2⟩ . (2.3.28)
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Also, if one defines the function f̃ (φ) by f̃ (φ) = f 2(φ) + g(φ) so that f̃ gives the quadratic
moment ⟨N 2⟩, this function satisfies the following differential equation.

(
v∂2

I −
vI

v
∂I

)
f̃ = −2

f
M2

Pl
. (2.3.29)

Similarly the function fn giving the nth moment ⟨N n⟩:

fn(φ∗) = ⟨N n⟩ (φ∗), (2.3.30)

can be obtained by solving the following recursive partial differential equation
(

v∂2
I −

vI

v
∂I

)
fn = −n

fn−1

M2
Pl

, (2.3.31)

with f0 = 1 and the boundary condition fn(∂Ω+) = fn(∂Ω−) = 0. Unfortunately it is
difficult to solve partial differential equations generally, but several authors keep tackling
this equation [31, 32].

Single-field	case

In the single-field case, the problem reduces to ordinary differential equations and can be
solved formally. First, taking the boundary ∂Ω− = φ1 and ∂Ω+ = φ2, the solution for
f (2.3.20) is

⟨N ⟩ = f (ϕ) =
∫ ϕ

φ1

dx
MPl

∫ φ̄(φ1,φ2)

x

dy
MPl

1
v(y)

exp
[

1
v(y)

− 1
v(x)

]
, (2.3.32)

where φ̄ is an integration constant set to satisfy the boundary condition f (φ2) = 0. There is
no generic expression for it, but since the integrand is positive, for f (φ2) to be zero x has to
be able to be larger than φ̄ so that y-integral gives negative contributions. It means φ̄ must
lie between φ1 and φ2.

Let us evaluate this ⟨N ⟩with several assumptions. First we take φ2 so that the potential
is monotonic between φ1 and φ2. Also ϕ is assumed to be sufficiently near to φ1 so that
V(φ1) < V(ϕ) < V(φ̄) < V(φ2). Therefore the maximal contribution to the y-integral
comes from y ∼ x.Then Taylor expanding 1/v at first order around x, 1/v(y) ≃ 1/v(x)−
v′(x)/v2(x)(y− x), one obtains, after integrating by parts,

∫ φ̄

x

dy
v(y)

exp
(

1
v(y)

)
≃ v(x)

v′(x)
exp

(
1

v(x)

)
. (2.3.33)

Plugging back this expression into Eq. (2.3.32), one finally obtains

⟨N ⟩ = f (ϕ) ≃
∫ ϕ

φ1

dx
M2

Pl

v(x)
v′(x)

. (2.3.34)

It is nothing but the classical result (2.1.28) without the stochastic effect. Therefore the clas-
sical trajectory appears as a saddle-point limit of the mean stochastic trajectory.

This calculation also allows us to identify the conditions under which the classical limit
is recovered. A priori, the Taylor expansion of 1/v can be trustable as long as the difference
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between 1/v(x) and 1/v(y) is not too large, say |1/v(y) − 1/v(x)| < α, where α is some
small number. If one uses the Taylor expansion of at the first order, this means that |y− x| <
αv2/v′. Requiring that the second order term of the Taylor expansion is sufficiently small at
the boundary of this domain not sensitively to α, one obtains the condition |2v− v′′v2/v′2|≪
1. Therefore one can define the classicality criterion

ηcl =

∣∣∣∣2v− v′′v2

v′2

∣∣∣∣ . (2.3.35)

When this quantity is small enough, the stochastic effect will be negligible. In this case, the
next order correction for the mean e-folds can be written as

⟨N ⟩ |ηcl≪1 ≃
∫ ϕ

φ1

dx
M2

Pl

v(x)
v′(x)

[
1 + v(x)− v′′(x)v2(x)

v′2(x)
+ · · ·

]
. (2.3.36)

The variance is also solvable. The formal solution of Eq. (2.3.26) is given by

⟨δN 2⟩ = g(ϕ) = 2
∫ ϕ

φ1

dx
∫ φ̄2(φ1,φ2)

x
dy f ′2(y) exp

[
1

v(y)
− 1

v(x)

]
, (2.3.37)

where φ̄2(φ1, φ2) is an integration constant set to satisfy the boundary condition g(φ2) = 0.
From Eq. (2.3.2), the power spectrum is given by

Pζ(ϕ) =
g′(ϕ)
f ′(ϕ)

=2
{∫ φ̄

ϕ

dx
MPl

1
v(x)

exp
[

1
v(x)

− 1
v(ϕ)

]}−1

×
∫ φ̄2

ϕ

dx
MPl

{∫ φ̄

x

dy
MPl

1
v(y)

exp
[

1
v(y)

− 1
v(x)

]}2

exp
[

1
v(x)

− 1
v(ϕ)

]
.

(2.3.38)

Also the spectral index can be given, with use of ∂/∂ log(k) ≃ −∂φ/∂ ⟨N ⟩ × ∂/∂φ at the
leading order, by

nS − 1 = − g′′

f ′g′
+

f ′′

f ′2
. (2.3.39)

Let us consider the classical limit of the power spectrum, too. Similarly to ⟨N ⟩, with
use of a saddle-point approximation to Eq. (2.3.37), one can obtain

⟨δN 2⟩ = g(ϕ) ≃ 2
M4

Pl

∫ ϕ

φ1

dx
v4(x)
v′3(x)

. (2.3.40)

Then, by using this and Eq. (2.3.34), the classical result can be recovered as

Pζ(ϕ) =
g′(ϕ)
f ′(ϕ)

≃ 2
M2

Pl

v3(ϕ)

v′2(ϕ)
= Pζ |cl(ϕ). (2.3.41)

The next order correction is given by

Pζ |ηcl≪1(ϕ) ≃ Pζ |cl(ϕ)

[
1 + 5v(ϕ)− 4

v2(ϕ)v′′(ϕ)

v′2(ϕ)
+ · · ·

]
. (2.3.42)
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These reproductions of the classical results are not so surprising. In the classicality
criterion, v≪ 1 is naturally satisfied. The second term comes from the classical power spec-
trum times the slow-roll parameter ηV = M2

Plv
′′/v. Therefore the classical condition can

be interpreted as the condition that the slow-roll approximation is good and the classical
power spectrum is not large. It is known that the non-Gaussianity of the curvature pertur-
bations is suppressed by the slow-roll parameters in the single-field case, and therefore, if
the leading order power spectrum is small enough, the non-perturbative corrections due to
the stochastic effect can be thought to be small.





Chapter 3
Squeezed	Bispectrum

As the lowest order observables beyond the linear perturbation, the three point function or
its Fourier mode bispectrum is an important indicator of the physics of the early universe.
Particularly, its squeezed limit, where one scale is much larger than the other two scales,
corresponds with the soft particle exchange, and its non-zero value will indicate the exis-
tence of the extra d.o.f. during inflation. However the previous perturbative approach to
bispectrum can calculate the squeezed limit only where the hierarchy of the scales is not so
large. Also it has been suggested recently that the squeezed bispectrum includes the non-
physical mode. In this chapter, we go beyond the small hierarchy limit and suggest the
interpretation of such a non-physical mode in the δN formalism. In this chapter, we adopt
the Planck unit MPl = 1 and this chapter is based on Ref. [34].

3.1 Standard	approach

In this chapter, we consider the canonical multi-field action:

S =
∫

d4x
[

1
2

R− 1
2

gµνδI J∂µφI∂νφJ −V(φ)

]
. (3.1.1)

If the field space metric is sufficiently flat, it can be reduced to this trivial case by the field
redefinition. Along the slow-roll attractors, the fields evolve according to the slow-roll
EoM (2.1.27):

dφI

dN
= −VI

V
. (3.1.2)

As mentioned previously, in the δN formalism, the superhorizon curvature perturba-
tions are given by the spatial differences in the number of e-folds realized between an initial
flat hypersurface and a final uniform density slice. Such fluctuations of the e-folding num-
ber δN are usually approximated by a perturbative expansion around the background field
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values as

ζ(x) = δN(x) = NI(φ̄∗)δφI(x) +
1
2

NI J(φ̄∗)δφI(x)δφJ(x) + · · · . (3.1.3)

In this expression, N(φ̄∗) denotes the backward e-foldings realized from the initial field
value φ̄∗ and until a given final uniform density slice is reached, and NI = ∂N/∂φ̄I

∗ and
NIJ = ∂2N/(∂φ̄I

∗∂φ̄J
∗) are its derivatives w.r.t. the field values φ̄∗. From here, at the leading

order of the perturbation δφ, the power spectrum of the curvature perturbations is given by,
as seen previously in Sec. 2.1.1,

Pζ(k) = NI NJδ
I JPφ, (3.1.4)

wherewe assume that the power spectrumof each scalar is equally given byPφ = (H/(2π))2.
A similar expression can be obtained for the bispectrum of the curvature perturbations.

Let us define the bispectrum by

⟨ζk1 ζk2 ζk3⟩ = (2π)3δ(3)(k1 + k2 + k3)Bζ(k1, k2, k3). (3.1.5)

Then the lowest order expression for the bispectrum is given by

Bζ(k1, k2, k3) = NI NJ NKBφI φJ φK(k1, k2, k3) +
[
NI NJ NIJ Pφ(k1)Pφ(k2) + 2 perms.

]
, (3.1.6)

where Pφ(k) = 2π2

k3 Pφ(k) is the dimensionful scalar power spectrum. In this expression, the
first term comes from theNG of the scalar field fluctuations themselves and is called intrinsic
NG, while the second term is due to the higher order expansion in δN which is called δN
component of the bispectrum. It is useful to use the dimensionless non-linearity parameter
defined by

3
5

fNL(k1, k2, k3) =
Bζ(k1, k2, k3)

2
[
Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k3)Pζ(k1)

] , (3.1.7)

instead of the bispectrum itself for a clear expression. In the squeezed limit like kL = k1 ≪
k2 ≃ k3 = kS, it can be found that the term Pζ(k2)Pζ(k3) is sub-dominant in the denominator
if ζ has an almost scale-invariant power spectrum Pζ(k) ∼ k−3. Therefore the squeezed one
can be given by

3
5

fNL(kL, kS) =
Bζ(kL, kS, kS)

4Pζ(kL)Pζ(kS)
. (3.1.8)

Parametrizing the intrinsic NG as

BφI φJ φK =
(2π2Pφ)2

(k1k2k3)3 A
I JK(k1, k2, k3), (3.1.9)

the non-linearity parameters corresponding to the intrinsic and δN components are respec-
tively given by

3
5

f intNL =
AI JK(k1, k2, k3)NI NJ NK

2(NLNL)2(k3
1 + k3

2 + k3
3)

,
3
5

f δN
NL =

NI NJ NIJ

2(NK NK)2 , (3.1.10)
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where fNL = f intNL + f δN
NL. To obtain the explicit form of AI JK, one has to consider the at

least cubic order action. Seery and Lidsey [35] have done such calculations and obtained the
following result.

AI JK(k1, k2, k3) = − ∑
6 perms.

˙̄φI

4H
δJK
(

3
k2

2k2
3

kt
+

k2
2k2

3
kt

(k1 + 2k3)−
1
2

k3
1 + k1k2

2

)

= ∑
6 perms.

VI

4V
δJK
(

3
k2

2k2
3

kt
+

k2
2k2

3
kt

(k1 + 2k3)−
1
2

k3
1 + k1k2

2

)
. (3.1.11)

In the second line, we used the slow-roll EoM (3.1.2). In the squeezed limit, taking e.g.
kL = k1 ≪ k2 ≃ k3 = kS, this expression boils down to

AI JK = k3
S

VI

V
δJK, (3.1.12)

and the non-linearity parameter reads

3
5

fNL =
3
5

f intNL +
3
5

f δN
NL =

NI
VI
V

4NJ NJ
+

NI NJ NI J

2(NK NK)2 . (3.1.13)

Particularly, in the single-field case, with use of Nφ = 1/(
√

2ϵV), Vφ/V =
√

2ϵV , and Nφφ =
1− ηV/(2ϵV), one can obtain

3
5

fNL =
3
2

ϵV −
1
2

ηV =
1− nS

4
, (3.1.14)

fromEq. (2.1.32). This relation is know asMaldacena’s consistency relation [36]. For the expres-
sions in this section, one should note that the all quantities are evaluated at the same time,
assuming that the horizon crosses of k1, k2, and k3 are sufficiently close. Therefore they are
valid only in the near equilateral limit k1 " k2 ∼ k3.1

3.2 Local	observer	effect	on	the	squeezed	bispectrum

Let us now consider the role of the squeezed bispectrum and the meaning of Maldacena’s
consistency relation. At first, as a simple ansatz which cause a non-zero squeezed bispec-
trum, the following local type NG is often used:

ζ(x) = g(x) +
3
5

f localNL (g2(x)− ⟨g2⟩), (3.2.1)

where g(x) is a Gaussian field. With this assumption, making use of Wick’s theorem, the
bispectrum is simply given by

Bζ(k1, k2, k3) =
6
5

f localNL [Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k3)Pζ(k1)], (3.2.2)

1Note that here, the near-equilateral limit does not refer to the non-linearity parameter in the equilateral
configuration f equilNL , but to the squeezed non-linearity parameter in the limit where the hierarchy between the
two scales kL and kS can be neglected.
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at the lowest order. Then in the squeezed limit, if ζ has an almost scale-invariant power
spectrum as Pζ(k) ∼ k−3, the second term in the bracket is sub-dominant compared to the
other two terms, and therefore

Bζ(kL, kS, kS) ≃
12
5

f localNL Pζ(kL)Pζ(kS), for kL ≪ kS. (3.2.3)

Then the corresponding non-linearity parameter is nothing but the coefficient f localNL .
This squeezed bispectrum shows that the local-type NG represents a non-vanishing

correlation between long and short wavelength fluctuations. This can be understood as fol-
lows. Let us consider a long and a short wavelengthmodes kL and kS in a given patch whose
size R satisfies k−1

L ≫ R ≫ k−1
S . In the local model (3.2.1), one can expand g(x) into a long

wavelength part gL and a short wavelength part gS(x), yielding

ζ(x) =gL +
3
5

f localNL (g2
L − ⟨g2⟩)

+ gS(x) +
3
5

f localNL [g2
S(x) + 2gLgS(x)]. (3.2.4)

Here the x-dependence of gL is omitted since the long-wavelength mode is almost constant
within the considered patch. Therefore its second line terms represent the non-constant
short-wavelength mode of ζ, and at linear order in gS, it reads

ζS(x) ∼
(

1 +
6
5

f localNL gL
)

gS(x). (3.2.5)

This expression indicates that the local-type NG yields a modulation of the amplitude of the
short-wavelength mode by the long-wavelength mode.

Now let us try to similarly interpret the CR:

3
5

fNL =
1− nS

4
, (3.2.6)

as a modulation of the amplitude of the short-wavelengthmode due to the long-wavelength
mode. Substituting this CR into Eq. (3.2.5) suggests that the CRwould cause themodulation
of ζS as ζS → [1 + (1− nS)ζL/2]ζS. Schematically taking ζS ∼

√
Pζ(kS), this modulation

reads

∆ζS ∼
1− nS

2
ζLζS ∼ −

d log ζS
d log kS

ζLζS ∼ −
dζS

d log kS
ζL. (3.2.7)

Interpreted as the chain rule of differentiation, this expression suggests that the effect of the
long-wavelength modulation is the same as a simple scale shift:

log kS → log kS − ζL. (3.2.8)

Indeed, in the uniform density slice, the local scale factor is given by

a(t, x) = a0(t)eζ(t,x). (3.2.9)

For a fixed comoving wavenumber k, the physical wavenumbers kph = k/a inside and out-
side the considered patch thus differ by ∆ log kph = −ζL, which exactly matches the scale
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shift (3.2.8). Inversely speaking, if the scales are defined w.r.t. their physical wavenumbers,
the correlations between long- and short-wavelengths given by the CR (3.2.6) are thought to
vanish.

These are intuitive understanding of the so-called local observer effect. For precise dis-
cussion, Tanaka and Urakawa [37, 38] pointed out that the squeezed bispectrum given by
the CR can be removed by using the additional gauge d.o.f. associated to the finiteness of the
observable universe (see also the discussion about the adiabatic perturbation in Sec. 1.1.3).
The same conclusion was reached in Ref. [39] by introducing locally homogeneous isotropic
coordinates called conformal Fermi normal coordinates, denoted by FNC. Let us briefly re-
view their argument by considering again a patch of size R satisfying k−1

L ≫ R ≫ k−1
S , at a

time when the long-wavelength mode is superhorizon, kL ≪ aH, and the short-wavelength
mode is subhorizon or of the order of the horizon scale, kS ! aH. Including only the long-
wavelength scalar perturbations, the metric is given, in the uniform density slice, by

ds2 = −dt2 + a2(t)[1 + 2ζL(x)]dx2 +O
(

k2
L

a2H2

)
. (3.2.10)

The FNC are then defined according to

xF = [1 + ζL(x = 0)]x. (3.2.11)

Since the long-wavelength mode is almost constant in the considered patch, the metric can
be expanded as

ds2 = −dt2 + a2(t)dx2
F +O(k2

Lx2
F) +O

(
k2
L

a2H2

)
, (3.2.12)

where xF ≪ k−1
L inside the patch. Then the long-wavelengthmetric perturbation disappears

in the FNC. Note that this does not mean that the gauge-invariant curvature perturbation ζ
vanishes, since it simply transforms as a scalar, ζ[xF(x)] = ζ(x). This is why, at linear order,
the two-point function of ζS transforms according to

⟨ζS(xF)ζS(0)⟩ = ⟨ζS[x(xF)]ζS(0)⟩ ≃
[

1− ζL(0)xFi
∂

∂xFi

]
⟨ζS(xF)ζS(0)⟩ . (3.2.13)

Configurations mostly contributing to the squeezed bispectrum are such that |x1 − x2| ≫
|x2 − x3|, where only the long-wavelength mode can contribute to ζ(x1). Therefore the
squeezed three point function ⟨ζ(x1)ζ(x2)ζ(x3)⟩ can be understood as the modulation of the
small scale two point correlator under the long-wavelength mode, ⟨ζL(x1) ⟨ζS(x2)ζS(x3)⟩⟩.
With use of the transformation rule (3.2.13), the squeezed bispectrum then transforms as

Bζ(kL, kS, kS) = Bζ(kL, kS, kS) + Pζ(kL)∂kS,i [kS,iPζ(kS)]

= Bζ(kL, kS, kS) +
[

3 +
d log Pζ(kS)

d log kS

]
Pζ(kL)Pζ(kS), (3.2.14)

whereweperformed the integration byparts andused the relation ∂i(xie−ik·x) = ∂ki(kie−ik·x).
The terms inside the brackets of the second line reduce to nS(kS) − 1, and therefore, if the
original bispectrum is given by the CR (3.2.6), the bispectrum vanishes in the FNC where
the scale is normalized in terms of the physical scale.
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Here note that, in practice, an apparent bispectrum reappears in concrete observables,
such as the CMB angular correlations due to projection effects [39, 40]. These are related
with the fact that, since the long-wavelength mode is observed inside our horizon, it affects
the mapping of the actual positions of the light sources on the celestial sphere. However,
these projection effects can be evaluated separately, once the local bispectrum is calculated
in terms of physical scales.

In the following, we present a new approach to the calculation of the squeezed bispec-
trum in the δN formalism. This allows us to reformulate the difference between the squeezed
bispectrum of ζ (forward formulation, see Sec. 3.3.1), given by the CR in the single-field case,
and the one of ζ (backward formulation, see Sec. 3.3.2), which vanishes in single-field inflation.

3.3 New	approach

Let us now see how the standard approach can be extended to arbitrary separations between
the scales kL and kS. As discussed in the previous section, the squeezed bispectrum is related
to the correlation between the long-wavelength perturbation and the short-wavelength two
point function. We consider the patch of comoving size k−1

L , where ζL is the coarse-grained
curvature perturbation on this scale defined through the window function WR(x). If the
power spectrum Pζ(kS) is evaluated within this local patch, one has

⟨ζLPζ(kS)⟩ =
k3
S

2π2

∫
d3xd3y e−ikS·yWk−1

L
(x)
〈

ζ(x)ζ
(
−y

2

)
ζ
(y

2

)〉

=
k3
S

2π2

∫
d3xd3y

∫ d3 pd3q
(2π)6 exp

(
i
[
p ·
(

x +
y
2

)
+ q · y− kS · y

])

×Wk−1
L
(x)Bζ(p, q, |p + q|)

=
k3
S

2π2

∫ d3 pd3q
(2π)3 δ(3)

(p
2
+ q− kS

)
W̃
(

p
kL

)
Bζ(p, q, |p + q|). (3.3.1)

In this expression, since the Fourier transform of the window function W̃(p/kL) selects out
the modes such that p " kL, the delta function and the bispectrum can be approximated
by δ(3)(p/2 + q − kS) ≃ δ(3)(q − kS) and Bζ(p, q, |p + q|) ≃ Bζ(p, kS, kS). Therefore one
obtains

⟨ζLPζ(kS)⟩ ≃
k3
S

2π2

∫ log kL p3

2π2 Bζ(p, kS, kS)d log p. (3.3.2)

The squeezed non-linearity parameter (3.1.8) is then given by

3
5

fNL(kL, kS) =
1

4Pζ(kL)Pζ(kS)
d ⟨ζLPζ(kS)⟩

d log kL
. (3.3.3)

In this expression, since ζL includes all fluctuations with wavelengths larger than k−1
L ,

evaluating the bispectrum when its first argument is kL requires to differentiate the integral
in Eq. (3.3.2) w.r.t. log kL. In the δN formalism, a different method is commonly used, which
relies on the introduction of a single-mode impulsive field fluctuation

δφL(x) =
∫

log p=log kL

d3 p
(2π)3 eip·xδφp, (3.3.4)
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ρ = ρc
C

A1

B1

C1
C2

B2

Ain

N→c = NLA*

B

NL −NS

δφIS

δφIL

φ1

φ2

Figure 3.1. Schematic representation of the forward procedure for the calculation of the squeezed
bispectrum in the δN formalism, which is also shown in Ref. [34]. In this formulation, the forward
e-folds realized between A1 and B1 is fixed as NA1B1 = NL − NS.

yielding a single-mode number of e-folds fluctuation

δNL(x) =
∫

log p=log kL

d3 p
(2π)3 eip·xζp. (3.3.5)

The correlation ⟨δNLPζ(kS)⟩ thus includes only themodes kL and kS and allows one to avoid
differentiation w.r.t. log kL,2

3
5

fNL(kL, kS) =
⟨δNLPζ(kS)⟩

4Pζ(kL)Pζ(kS)
. (3.3.6)

3.3.1 Forward	formulation

Now let us discuss how Eq. (3.3.6) can be evaluated in practice in the δN formalism. In
Fig. 3.1, we describe how this is done in the forward formulation. The black dotted lines rep-
resent slow-roll attractor trajectories, [AinC] being the unperturbed trajectory. The point A∗
iswhere the long-wavelengthmode exits the horizon. At this point, the field fluctuations δφI

L
leads to the variation δNL = N(A1)− N(A∗) in the e-folding number, that can be identified
with the long-wavelength curvature perturbation ζL. This fluctuation also shifts the field

2This situation corresponds with the replacement of the window function W̃ in Eq. (3.3.1) by a delta function
δ(log p− log kL).
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space trajectory to a different slow-roll solution, [A1C1], along which the short-wavelength
perturbation emerges at B1. Since the location of B1 depends on δφI

L, the long-wavelength
curvature perturbation ζL and the short-wavelength power spectrum Pζ(B1) can be corre-
lated as

⟨δNLPζ(kS)⟩ ≃ NI(A∗)
∂Pζ

∂φJ

∣∣∣∣
B
⟨δφI

Lδφ̃J
L⟩ , (3.3.7)

where δφ̃I
L denotes the evolved value of δφI

L after NL − NS e-folds, that is, δφ̃I
L = φI(B1)−

φI(B). At the leading order, it can be expressed as δφ̃I
L = ∂φJ

B/∂φK|∗δφK
L where ∂φJ

B/∂φK|∗
encodes the variation of the coordinates of B due to the field fluctuations δφL at A∗.Then,
with use of the field fluctuations power spectrum ⟨δφI

LδφJ
L⟩ = δI JPφ, one obtains

3
5

fNL =
⟨δNLP(kS)⟩
4Pζ |∗Pζ |B

=
NI |∗

∂Pζ

∂φJ

∣∣∣
B

∂φJ
B

∂φI

∣∣∣∣
∗
Pφ|∗

4Pζ |∗Pζ |B
. (3.3.8)

In order to calculate the power spectrum at small scales, one should add an impulsive field
fluctuation δφI

S on B1 and then the difference in the e-foldings δNS = N(B1)− N(B2) yields
the small-scale power spectrum. Let us also note that, in this framework, the forward3 e-
folding number NL − NS is used to determine the location of the point B1 where the small-
scale fluctuations emerge, hence the name of the formulation. Actually one can check that
this formulation is consistent with those by the recent works [41–43].

This indeed seems natural in the context of the δN formalism since it implies that, if
large-scale fluctuations δφI

L are defined on a spatially flat slice, evolving this hypersurface
by a uniform NL− NS e-folds conserves its flatness. This is why in the forward formulation,
scales can be uniformly defined in comoving coordinates, which however doe not imply
that they lead to the same physical scales on the uniform density slice. If one would like to
use the physical scales on the uniform density slice, the backward formulation which will
be discussed in Sec. 3.3.2 should be derived.

single-field	case

Before moving to the backward formulation, now let us show that the CR can properly be
recovered in single-field inflation. In this case, the background field value φ and the back-
ward e-folding number N have a one-to-one correspondence which is why one can label
field space with N instead of φ. Here note that the fluctuation δN does not depend on the
time of the initial flat slice which can be seen by Eq. (2.1.17) and ψ(ti, x) = 0. Therefore it
can be evaluated at any time after the horizon exit of the considered perturbations and the
relation δNL = Nφ(A∗)δφL = Nφ(B)δφ̃L is satisfied. With use of this relation, Eq. (3.3.7) then
gives rise to

⟨δNLPζ(kS)⟩ ≃
∂Pζ

∂N

∣∣∣∣
B
⟨δN2

L⟩ . (3.3.9)

3Note that, to calculate δN itself, the backward e-foldings is employed, but the forward e-folding number is
used when relating a perturbation scale with the location in the field space where it exits the horizon.
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In this expression, ⟨δN2
L⟩ should be interpreted as Pζ(kL) (see Eq. (3.3.5) and footnote 2), and

the derivative of the power spectrum w.r.t. N reads the spectral index as

∂Pζ

∂N

∣∣∣∣
B
= −Pζ

∂ logPζ

∂ log k

∣∣∣∣
B
= (1− nS)Pζ |B. (3.3.10)

Therefore the non-linearity parameter (3.3.6) indeed leads the CR:

3
5

fNL(kL, kS) =
1− nS(kS)

4
. (3.3.11)

Near-equilateral	limit

The result of the standard approach (3.1.13) can be also reproduced in the near-equilateral
limit NS → NL. In this regime indeed, B → A∗ and Eq. (3.3.8) directly gives rise to the
standard result. However note that, in the alternative approach presented here, there is no
need to calculate f intNL separately from the cubic action and that this term is already incor-
porated in the δN formalism. The interpretation of the two contributions f intNL and f δN

NL also
become clearer. Since Pζ = NI NIPφ, the derivatives of the power spectrum w.r.t. the field
values appearing in Eq. (3.3.7) contain two terms: one proportional to the derivative of NI
which yields f δN

NL, and the other one proportional to the derivative of Pφ which yields f intNL.
Therefore the so-called intrinsic NG is nothing but the effect of the field dependence of the
amplitude of the field fluctuations.

Non-canonical	kinetic	term	case

Finally let us briefly see how the forward formulation can be extended to the case of the
non-canonical kinetic terms. We consider the single-field k-inflation [44], whose action is
written as

S =
∫

d4x
√
−g
[

1
2

R + P(X, φ)

]
, (3.3.12)

where X = −gµν∂µφ∂νφ/2. Here we assume that the system has reached the phase-space
attractor, along which the scalar field φ is not necessarily slowly rolling in k-inflation. In
Refs. [45, 46], the δN and intrinsic components of the non-linearity parameter are calculated
as

3
5

f δN
NL =

1
2
(ϵH + δ),

3
5

f intNL =
1
4
(η + s− 2δ), (3.3.13)

where η = ϵ̇H/(HϵH), s = ċS/(HcS), and δ = φ̈/(Hφ̇). The sound speed cS is given by
c−2

S
= 1 + 2XPXX/PX, where PX = ∂P(X, φ)/∂X and PXX = ∂2P(X, φ)/∂X2. By summing

up these two components, one obtains the CR as

3
5

fNL =
3
5

f δN
NL +

3
5

f intNL =
1
4
(2ϵH + η + s) =

1− nS

4
. (3.3.14)

These formulae can be recovered as follows. The δN component of the non-linearity param-
eter is simply given by the Nφφ term with use of Nφ = −H/φ̇. The intrinsic component is
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related with the field derivative of Pφ, which in the near-equilateral limit NS → NL is given
by

3
5

f intNL =
NφN2

φ∂φ(Pφ)Pφ

4P2
ζ

=
∂φ logPφ

4Nφ
. (3.3.15)

In k-inflation, the power spectrum of δφ reads [47]

Pφ =
φ̇2

H2Pζ =
φ̇2

H2
1

2ϵHcS

(
H
2π

)2
=

1
8π2

φ̇2

ϵHcS

. (3.3.16)

Therefore one obtains

∂φ logPφ = Nφ(η − 2δ + s), (3.3.17)

and Eq. (3.3.13) is recovered. In fact, the result (3.3.14) should not come as a surprise since,
when dealing with the single-field case in Eqs. (3.3.9)–(3.3.11), no assumption was made
regarding Pφ and the CR was therefore also valid in the case of the non-canonical kinetic
terms.

3.3.2 Backward	formulation

The forward formulation developed in Sec. 3.3.1 gives the bispectrum Bζ in terms of comov-
ing scales. Let us now derive the bispectrum Bζ in terms of the physical scales that would
be seen by a local observer. The idea is to define all perturbation scales using the backward
e-foldings realized until the final uniform density slice is reached. This procedure is thus
called backward formulation and is summarized in Fig. 3.2. Since the physical horizon scale H
on the final uniform density slice is constant, the horizon crossing physical scale kphysc is con-
stant on this hypersurface as well, which implies that the physical scales kphysL = e−NLkphysc

and kphysS = e−NSkphysc are also unperturbed quantities on the final uniform density slice.
From Figs. 3.1 and 3.2, one can see that the only difference between the forward and

backward formulations is the definition of the point B. Therefore the formal expression of
fNL (3.3.8) still applies here. Before explaining how it can be evaluated in general, let us
see how it compares with the forward formulation in the single-field case and in the near-
equilateral limit respectively.

Single-field	case

In single-field inflation, one can readily see that the backward formulation always yields
a vanishing squeezed bispectrum. In this case, the hypersurfaces of constant backward e-
foldings (the blue lines in Fig. 3.2) are single points, and the point B1 always coincides with
B irrespectively of the long-wavelength perturbation δφL. There is therefore no correlation
between the long-wavelength perturbation at A∗ and the power spectrum at B1, and then
the squeezed bispectrum vanishes. In this picture, the fact that the squeezed non-linearity
parameter vanishes in single-field inflation has a clear geometrical interpretation in the field
space.
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ρ = ρc
C

A1

B1

C1
C2

B2

N→c = NL

N→c = NS

φ1

φ2

δφIS

δφIL

Ain

A*

B

Figure 3.2. Schematic representation of the backward procedure for the calculation of the squeezed
bispectrum in the δN formalism, which is also shown in Ref. [34]. In this formulation, the backward e-
foldings N→c determines the location of B1, NB1C1 = NS. This condition yields unperturbed physical
scales on the uniform density slice ρ = ρc.

Ain

A1

B1

A* φ
I
*

NφI VφI

δφIL

δφIL

Figure 3.3. Schematic representation of the backward formulation for the calculation of the squeezed
bispectrum in the near-equilateral limit. In this regime, the constant backward e-folding hypersur-
faces N→c = NL and N→c = NS coincide (blue line). The slow-roll trajectories [AinA∗] and [A1B1]
are aligned with the gradient of the potential VI . The gradients of the backward e-folding function
N(φ) and of the potential V(φ) are misaligned in general, but if they are parallel (as in single-field
inflation), the squeezed bispectrum vanishes.

Near-equilateral	limit

Let us now work out the near-equilateral limit NS → NL, illustrated in Fig. 3.3. It corre-
spondswith the limit B→ A∗ but note that the point A1 does not coincidewith B1 in contrast
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to the forward formulation. The difference in the field values between A∗ and B1 is denoted
as δφI

L||. In the limit NS → NL, the e-folding number realized until the final uniform density
slice is reached are the same from A∗ and from B1, therefore

0 = N
(

φJ
∗ + δφJ

L||

)
− N(φJ

∗) ≃ NI(φ∗)δφI
L||. (3.3.18)

Another condition to write down is that the points A1 and B1 lie on the same slow-roll tra-
jectory, which implies that [A1B1] is parallel to the gradient of the potential, giving rise to

δφI
L − δφI

L|| = λVI , (3.3.19)

with some constant λ. Combining them, one can find the solutions as

λ =
NIδφI

L
NJVJ

, δφI
L|| = δφI

L −
NJδφJ

L
NKVK

VI . (3.3.20)

The power spectrum at B1 can then be evaluated as

Pζ |B1 ≃ Pζ(φ∗) +
∂Pζ

∂φJ δφJ
L||

≃ Pζ(φ∗) + 2
(

H
2π

)2 (
NI NI J + NI NI

HJ

H

)(
δφJ

L −
NKδφK

L
NMVM

VJ

)
, (3.3.21)

and its correlation with δNL ≃ NIδφI
L is given by

⟨δNLPζ(kS)⟩ = 2
(

H
2π

)2
NI

(
NJ NJK + NJ NJ

VK

2V

)(
⟨δφI

LδφK
L ⟩ −

NN ⟨δφI
LδφN

L ⟩
NMVM

VK

)

= 2
(

H
2π

)4
NI

(
NJ NJK + NJ NJ

VK

2V

)(
δIK −

NNδIN

NMVM
VK

)
. (3.3.22)

Plugging this expression into Eq. (3.3.6), one obtains for the squeezed non-linearity param-
eter

3
5

fNL =
1

2(NMNM)2

(
NJ NIJ + NJ NJ

VI

2V

)(
NI −

NN NN

NKVK
VI

)
. (3.3.23)

This formula is one of the main results of this chapter since it allows one to directly calculate
the squeezed fNL parameter (in the near-equilateral limit) in terms of physical scales and as
seen by a local observer.

Note that this expression is similar to the forward formulation’s one (3.1.13), except that
NI is now replaced by NI − NN NN

NKVK
VI . Therefore fNL in the backward formalism is propor-

tional to the projection of the gradient of V on the hypersurface of the constant backward
e-foldings. In other words, if the gradients of V(φ) and N(φ) in field space are parallel,
then the squeezed bispectrum vanishes. This is obviously the case in single-field inflation,
but can also happen in some multi-field models. Let us also mention that the difference be-
tween the forward and backward formulae is actually given by 3

5 fCRNL =
1−nS

4 , in agreement
with Eq. (3.2.14):

5
3

f forward
NL − 5

3
f backNL =

1− nS

4
. (3.3.24)



3.3. NEW APPROACH 57

It can be shown as follows. First, the scalar spectral index is given by

1− nS =
d logPζ

dN
=

1
Pζ

dφI

dN
∂IPζ =

1
NK NK

VI

V

(
2NJ NIJ + NJ NJ

VI

V

)
, (3.3.25)

where the slow-roll EoM (3.1.2) has been used. Let us consider two near constant backward
e-folds hypersurfaces N and N + δN and let δφ̄I denote the field variation between these two
slices along the unperturbed attractor trajectory. By definition of NI , one has δN = NIδφ̄I .
On the other hand, the slow-roll EoM (3.1.2) for φI yields δφ̄I = VI

V δN. Combining these two
relations, one obtains

NIVI = V, (3.3.26)

which allows one to show that the difference between the result of the forward formula-
tion (3.1.13) and the one of the backward formulation (3.3.23) is indeed given by (1− nS)/4.
In Sec. 3.4, this consistency check will be extended beyond the near-equilateral limit.

Computational	program

Let us now explain how the proposed approach can be implemented in practice. The for-
mula (3.3.6) allows one to calculate the squeezed fNL(kL, kS) both in the forward and back-
ward formulation for any multi-field models. In the limit where kS → kL, this gives rise to
analytical expressions such as Eqs. (3.1.13) or (3.3.23) which can be easily evaluated. In gen-
eral however, the quantities appearing in Eq. (3.3.8) cannot be calculated analytically and
one has to evaluate them numerically, according to the following procedure:

1. Starting from Ain(φI
in), integrate the backgroundEoM for the fields and find the coordi-

nates in the field space of A∗, B, and C defined in Figs. 3.1 (forward) or 3.2 (backward).

2. Starting from φJ
∗ + ϵδJ

I , integrate the background EoM until the condition ρ = ρc is
met. If NI

ϵ denotes the realized e-folding number, assess NI |∗ = (NI
ϵ − NL)/ϵ. Repeat

this step for I = 1, · · · , D, where D is the number of fields.

3. Reproduce step 2 but starting from B instead of A∗ to compute NI |B.

4. Compute the power spectrum amplitude Pζ = NI NJ ⟨δφIδφJ⟩ at A∗ and B. In this
expression, the derivatives NI have been computed in step 2 for A∗ and in step 4 for B,
but ⟨δφIδφJ⟩ depends on the model one considers. In standard slow-roll inflation for
instance, it is simply given by ⟨δφIδφJ⟩ = PφδI J = [H/(2π)]2δI J and is straightforward
to compute.

5. Using the trajectories integrated in step 2, find the coordinates of BI
ϵ defined w.r.t. the

shifted starting points φJ
∗+ ϵδJ

I . Using the same technique as in step 4, computePζ(BI
ϵ),

the power spectrum amplitude at BI
ϵ. Assess ∂Pζ(B)/∂φI

∗ = [Pζ(BI
ϵ) − Pζ(B)]/ϵ,

where Pζ(B) has been computed in step 4. Repeat this step for i = 1, · · · , D.

6. Evaluate

3
5

fNL =
NI |∗

∂Pζ (B)
∂φI∗

Pφ|∗
4Pζ(A∗)Pζ(B)

, (3.3.27)

where NφI∗
has been computed in step 2, ∂Pζ(B)/∂φI

∗ in step 5, and Pζ(A∗) and Pζ(B)
in step 4.
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This makes the implementation of our proposal straightforward as soon as one knows how
to solve the background EoM. In the next section, we discuss the results which it gives in the
concrete examples.

3.4 Example

In the previous section, we have explained how to calculate the squeezed fNL(kL, kS) in a
generic multi-field models, in the forward and backward formulation, allowing for an arbi-
trary separation between the two scales kL and kS, and automatically taking the intrinsic NG
into account. Let us now illustrate our approach on the concrete two-field model, where the
two fields have a simple quadratic potential. This shows how themethodwhichwe propose
works in practice, and provides a few interesting results for the value taken by the squeezed
non-linearity parameter. We focus on the backward formulation since it yields the result a
local observer would see, and given that, as shown in Eq. (3.3.24), both formulations only
differ by (1− nS(kS))/4.

Let us consider the case where inflation is driven by two scalar fields φ and ψ, slowly
rolling down the potential

V(φ, ψ) =
m2

φ

2
φ2 +

m2
ψ

2
ψ2. (3.4.1)

In the following, without loss of generality, we assume that mφ ≥ mψ. In this case inflation
is first mainly driven by φ, before a turning point occurs in the field space and ψ takes over.
The ending hypersurface is determined by ρ = ρc, where ρc is the energy density when
ϵH = 1 on the unperturbed trajectory.

In Sec. 3.3.2, we have sketched the computational programwhich allows one to numer-
ically evaluate fNL. For the model (3.4.1), there exists an analytical integral of motion K =
m2

ψ log φ − m2
φ log ψ which is constant along slow-roll trajectories and can label them [48].

Moreover the e-folding number realized between two points M1(φ1, ψ1) and M2(φ2, ψ2) in
the field space which belong to the same slow-roll trajectory is given by N12 = (φ2

1 + ψ2
1 −

φ2
2 − ψ2

2)/4 [49]. These relations provide analytical results for all steps of the procedure de-
scribed in Sec. 3.3.2. This is in fact the case for all separable potentials, for which we provide
all relevant formulae in Appendix C.

In Fig. 3.4, different values of NL − NS are displayed and a few remarks are in order.
First, one can see that | fNL| reaches a maximum, corresponding to when the scales one con-
siders exit the horizon at the timewhen the turn in the field space ismaximal (which happens
about 40 e-folds before the end of inflation for the parameters used in Fig. 3.4). Away from
this point, the model effectively describes a single-field system (driven by φ much before
the turning point and by ψ soon after the turning point) and fNL vanishes. Second the value
of NL at which | fNL| is maximal is shifted by NL − NS from one curve to the other. This
indicates that | fNL| is maximal if kS exits the horizon at the time of the maximal turn in the
field space. Third, when NL−NS increases, the maximal value of fNL decreases. This can be
understood noticing that fixing NS to the time of maximal turn in the field space, the large
wavelength fluctuation exits the horizon away from the turning point if NL − NS is large,
that is to say when the system is near to the single-field case. It confirms that it is important
to account for the actual values of the scales kL and kS to properly compute fNL, and that
the near-equilateral limit kL → kS does not always provide a reliable estimate when the two
scales differ.
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NL-NS=0.01

NL-NS=4

NL-NS=8

NL-NS=12

NL=NS (approx.)
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Figure 3.4. Squeezed backward fNL computed in the double massive potential (3.4.1), as a function
of NL, with φin = ψin = 13, mψ = mφ/9, and ρc = m2

ψ. The result is shown for a few values of
NL − NS (labeled by different colors). The black dashed line stands for the limit NS → NL given by
Eq. (3.4.2) where the contributions from the end of inflation are neglected. One can check that, when
NL − NS ≪ 1, this provides a good approximation indeed.

In this model, fNL is therefore maximal when the two scales kL and kS are close. In
this limit, if one ignores the contribution from the end of inflation and simply plugs N =
(φ2 + ψ2)/4 + const. into Eq. (3.3.23), one obtains

3
5

fNL(kS → kL) ≃
1

φ2 + ψ2

[
1−

(φ2 + ψ2)(m4
φφ2 + m4

ψψ2)

(m2
φφ2 + m2

ψψ2)2

]
. (3.4.2)

In this expression, one can check that mφ = mψ leads to fNL = 0, which is consistent with
the fact that, when the two masses are equal, the model is effectively equivalent to a single-
field setup and fNL vanishes. This expression is displayed in Fig. 3.4 as the black dashed
line. One can check that, when NL − NS ≪ 1, it porvides a good approximation to the exact
result. The reason is that, if the turn in field space occurs much before the end of inflation,
inflation is effectively driven by one of the fields only when it ends and the vev of the other
field almost vanishes. In this limit, it is safe to neglect the dependence of the end of inflation
field space coordinates on small changes in the initial conditions.

Finally let us see how this result compares to the forward formulation. In Fig. 3.5,
the non-linearity parameter fNL is displayed in each formulation for NL − NS = 7. It is
interesting to notice that opposite signs are obtained with the two formulations. Moreover
one can check that 3

5 f forward
NL − 1−nS (kS)

4 represented by the black dotted line matches 3
5 f backNL .

This is in agreement with Eq. (3.3.24) and confirms that the backward formulation yields the
squeezed bispectrum in terms of physical scales as seen by a local observer.
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Figure 3.5. Forward and backward formulations’ results for squeezed fNL as a function of NL, where
NL − NS is fixed to 7. The black dotted line shows 3

5 f forward
NL − 1−nS (kS)

4 where the spectral index is
given by Eq. (3.3.25). It matches 3

5 f backNL and confirms that even beyond the near-equilateral limit, the
backward formulation yields the squeezed bispectrum in terms of physical scales as seen by a local
observer.

3.5 Extension	to	the	stochastic	formalism

The key idea of the procedure in this chapter does not basically depend on the perturba-
tive expansion, except for the impulsive field fluctuations. Therefore the extension to the
stochastic-δN formalism is straightforward though it is quite difficult to solve practically.
The schematic image to calculate the squeezed bispectrum in the stochastic formalism is
shown in Fig. 3.6. The concrete algorithm as follows. First, take the initial field value φi
from which the mean e-folds ⟨NT⟩ becomes almost 60 e-folds. Then let us assume that some
sample path reaches the field space point φL with NTL e-folds from this initial point. If one
makes many sample paths from φL and the mean e-folds realized until the end of inflation is
given by ⟨NL⟩, the mean curvature perturbation of the corresponding local patch is nothing
but ζL = NTL + ⟨NL⟩ − ⟨NT⟩. The scale of the local patch or the coarse-graining scale of ζL is
related with ⟨NL⟩ here. Moreover, calculating the power spectrum in the stochastic-δN for-
malism by taking the “initial” point on the subbranches after φL, one can obtain the power
spectrum averaged in that local patch. Thus the correlation between the long-wavelength
mode ζL and the short-wavelength power PζkS can be calculated in this way. Finally, dif-
ferentiating it w.r.t. ⟨NL⟩, the squeezed non-linearity parameter is obtained:

3
5

fNL(kL, kS) = −
1

4Pζ(kL)Pζ(kS)
d ⟨ζLPζ(kS)⟩

d ⟨NL⟩
. (3.5.1)
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NS
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NTL,1
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NL
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{ζS = NTL,1 +NLS,11 + NS NT

ζL= NTL,1 + NL NT

Figure 3.6. Schematic image to calculate the squeezed bispectrum in the stochastic formalism. In
the stochastic formalism, the coarse-grained curvature perturbation can be obtained by branching
the trajectories. Further, by branching the trajectories again from their subbranches, the obtained
fluctuations of e-folds are those in the local patch corresponding with the large-scale coarse-grained
field.

However practical calculations are quite difficult even numerically, and we are in progress
now for this topic. Note that, even if one includes the stochastic effect, the backward squeezed
bispectrum does vanish in single-field inflation since the discussion done in Sec. 3.3.2 does
not change.
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Primordial	Black	Holes





Chapter 4
Overview	of	Primordial	Black	Holes

The primordial black hole has attracted a lot of cosmologists for more than 40 years after
its first proposal by Hawking and Carr [50–52] even though it has not been detected yet.
That is because PBH can give us many implications both for the theory of the early universe
and the astrophysical phenomenology. Recently its possibility has been refocused on more
and more. In this chapter, let us review its basics as well as the current situation including
the motivation of PBH and the observational constraints. This chapter is partially based on
Ref. [53].

4.1 Basics

From the first exact solution of general relativity by Schwarzschild in 1916 [54], the astro-
physical object called black hole has been a key topic for various fields beyond astronomy.
Though its standard origin is gravitational collapse of dying massive stars, Hawking and
Carr proposed a completely novel formation scenario of black holes [50–52], that is, the
sufficiently overdense Hubble patch can collapse directly into black holes in the radiation-
dominated era. It is called primordial black hole. Now several other formation mechanisms
have been proposed, e.g. bubble collisions [55–61] or the collapse of cosmic strings [62–70],
nacklaces [71, 72], or domain walls [73–78], but we concentrate on the gravitational collapse
of overdense Hubble patches in this thesis. Then let us begin by the brief review of this
formation mechanism.

4.1.1 Formation	of	primordial	black	hole

Before discussing the PBH formation, we have to introduce the Jeans instability [79], which
is described in Newtonian gravity. The fundamental equations for the non-relativistic fluid
in Newtonian gravity are the equation of continuity:

∂ρ

∂t
+∇ · (vρ) = 0, (4.1.1)
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the Euler equation:

∂v
∂t

+ (v ·∇)v = −∇p
ρ
−∇φ, (4.1.2)

and the Poisson equation:

∇2φ =
1

2M2
Pl

ρ, (4.1.3)

with mass density ρ, pressure p, velocity v,and gravitational potential φ. Neglecting pres-
sure, one can find the unperturbed solution for these equations as

ρ̄ = ρ0

( a0

a

)3
, v̄ = HX, φ̄ =

1
12M2

Pl
ρ̄X2, (4.1.4)

where H = ȧ/a. Also a0 and ρ0 are constant, and a(t) satisfies the condition:

ȧ2 + K =
1

3M2
Pl

ρ̄a2, (4.1.5)

with some constant K. Here X denotes the Euclidean coordinate vector which is related with
the comoving coordinate x byX = ax.1 Indeed the solution of the equationdX/dt = v̄ = HX
for a comoving object is consistently given by X(t) = a(t)

a(t0)
X(t0).

Then let us perturb these equation at the linear order as
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂δρ

∂t
+ 3Hδρ + HX ·∇δρ + ρ̄∇ · δv = 0,

∂δv
∂t

+ HX ·∇δv + Hδv = −∇ · δp
ρ̄
−∇ · δφ,

∇2δφ =
1

2M2
Pl

δρ.

(4.1.6)

These equations do not appear traslational invariance, but actually it can be restored by
writing them in a comoving way. Namely the Fourier modes of the perturbations should be
defined as

δρ(X, t) =
∫ d3k

(2π)3 exp
(

ik · X
a(t)

)
δρk(t), (4.1.7)

and likewise for δv and δφ. Then the equations for these Fourier modes are given by
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

dδρk
dt

+ 3Hδρk + iρ̄
k · δvk

a
= 0,

dδvk
dt

+ Hδvk = −i
k
a

δp
ρ̄
− i

k
a

δφ,

− k2

a2 δφk =
1

2M2
Pl

δρk.

(4.1.8)

1Note that nablas here indicate the derivatives w.r.t. this Euclidean coordinate X.
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In general, pressure p is a function of mass density ρ and entropy density s, and therefore
its linear perturbation is

δp =

(
∂p
∂ρ

)

s
δρ +

(
∂p
∂S

)

ρ

δs. (4.1.9)

Here the first coefficient gives the square of the sound speed c2
S
= (∂p/∂ρ)s. Assuming

the adiabatic perturbations (i.e. δs = 0) for simplicity, finally one can obtain the EoM for
δk = δρk/ρ̄ as

δ̈k + 2Hδ̇k +

(
c2

S

k2

a2 −
ρ̄

2M2
Pl

)
δk = 0, (4.1.10)

from Eqs. (4.1.8) where dots denote time derivatives.
This equation indicates that the perturbation on the larger scale than kJ = a

√
ρ̄/(
√

2MPlcS)
shows tachyonic instability. The criterion scale kJ is called Jeans scale and it shows the small-
est scale which can gravitationally grow against the pressure. Smaller scale perturbations
than the Jeans scale cannot grow due to pressure and simply show the oscillation called
acoustic oscillation.

In the radiation-dominated universe, the sound speed is given by c2
S
= p/ρ = w = 1/3.

Then, if one simply applies the above expression to the radiation-dominated era, the Jeans
scale is as large as the horizon scale:

(
kJ
a

)−1
= cS

√
ρ̄

2M2
Pl

−1

∼ cS H−1, (4.1.11)

due to non-negligible radiational pressure. On the other hand, the Schwarzschild radius of
the horizon mass itself is formally equal to the horizon scale as

rSch =
1

4πM2
Pl

MH =
1

4πM2
Pl

4π

3
ρ̄H−3 = H−1. (4.1.12)

Therefore, if the scale of some overdensity is as large as the horizon, that overdensity is
assumed to gravitationally collapse into a black hole. In the following, let us evaluate the
PBH formation criterion, following Ref. [52].

Now we consider the constant (top-hat type) overdensity ρ = ρ̄ + δρ in a flat FLRW
universe. Namely the background metric is given by

ds2 = −dt2 + a2(t)(dr2 + r2dΩ2). (4.1.13)

Also we assume that the overdensity size is initially larger than the Hubble scale and then
the inner metric of the overdense region is given by another FLRWmetric as

ds2 = −dt2 + b2(t)
(

dr2

1− kr2 + r2dΩ2
)

. (4.1.14)

As initial conditions, let us impose ai = bi and ȧi = ḃi. From the Friedmann equation, they
give the condition for the curvature k as

H2 =
ρ̄i

3M2
Pl

=
ρ̄i + δρi

3M2
Pl
− k

a2
i

, ⇔ k
a2
i
=

δρi
3M2

Pl
. (4.1.15)
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Then the Friedmann equation in the overdense region reads, with use of the dilution law
ρ ∝ b−4,

ḃ2 =
ρ

3M2
Pl

b2 − k =
ρ̄ia4

i
3M2

Pl

(
1 + δi

b2 − δi
a2
i

)
, (4.1.16)

where δi is the initial density contrast δρi/ρ̄i. Therefore the time of the beginning of collapse
at which ḃ = 0 is given by,

⎧
⎪⎨

⎪⎩

bc = ai
(

1 + δi
δi

)1/2
∼ aiδ−1/2

i ,

tc ∼ tiδ−1
i ,

(4.1.17)

with use of the approximation b ∝ t1/2. Then the criterion of PBH formation is whether the
overdensity size is larger than the Jeans scale at that time, namely, letting R be the comoving
scale of the overdensity,

bcR > cS H−1
c = 2cS tc, ⇔ δi > c2

S

(
H−1
i

aiR

)2

. (4.1.18)

Therefore the threshold value for the density perturbation at the horizon crossing is roughly
given by the square of the sound speed δth = c2

S
= w = 1/3. The resultant PBH mass is

given by the Jeans mass MPBH ∼ c3
S
MH where MH is the horizon mass at the horizon reenter

of the overdensity.

The above discussion is just a simple estimation and includes many subtleties. Many
authors have tackled the PBH formation mechanism beyond this simple discussion both
numerically and analytically. Nadazhin et al. [80] carried out the first detailed numerical
studywith use of a hydrodynamical code and gave the resultant PBHmass relatively smaller
than the Jeansmass. Bicknell andHenrikse [81] followed thiswith different initial conditions
and found PBH formation with masses of the same order as the horizon mass.

Regarding the threshold value, further numerical studies byNiemeyer and Jedamzik [82,
83] andMusco et al. [84–86] found a relatively large threshold δth ≃ 0.7 on the comoving slice
for Gaussian, Mexican-hat, and polynomial initial shapes of the overdensity, while the result
by Hawke and Stewart [87] is δth ≃ 0.4 for the Gaussian shape. Recently Harada et al. [88]
studied the top-hat shape and found the analytical formula δth = sin2[π

√
w/(1 + 3w)] ≃

0.62. Nakama et al. [89] numerically studied the generalized initial shape and found the two
key parameters which determine the PBH formation beyond the simple δth discussion.

Shibata and Sasaki [90] numerically studied the PBH formation in terms of the curva-
ture perturbation instead of the density perturbation from the view point of the connection
with inflation. Green et al. [91] addressed it and found the threshold value for the gauge
invariant curvature perturbation on the uniform density slice as ζth ∼ 0.7–1.2, assuming the
threshold for the comoving density perturbation is δth ∼ 0.3–0.5. It is reasonable since the
comoving density perturbation is related with the curvature perturbation R on the comov-
ing slice, which reads equal to ζ in the superhorizon limit, by (1.1.79)

δ =
2(1 + w)
5 + 3w

(
k

aH

)2
R, (4.1.19)
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and therefore δ ≃ 4
9R at the horizon crossing in the radiation-dominated era.

Kopp et al. [92] also claimed the merit of the metric perturbation from another view
point, addressing the separate universe problem. Previously it was thought that there was
an upper bound δmax for the density perturbation abovewhich the overdensitywould form a
separate closed universe rather than a PBH (see e.g. Ref. [93]). However Kopp et al. showed
that the density perturbation never exceeds δmax even for the large metric perturbation due
to the enhancement of the physical volume of the overdense region. The density pertur-
bation rather decreases for an increasing curvature perturbation after reaching δmax. They
further numerically examined that the large curvature perturbation (and the decreased small
density perturbation) in fact produces the separate closed universe but leaves a PBH for the
mother universe, too. Since now the density perturbation is not a monotonically increasing
function of the curvature perturbation, they claimed that the curvature perturbation should
be used for the criterion of the PBH formation.

On the other hand, recently Young et al. [94] pointed out the demerit of the curvature
perturbation. That is, since the curvature perturbation is constant on the superhorizon scale,
the much superhorizon modes can apparently affect the PBH formation if one uses the cur-
vature perturbation as a criterion, while such superhorizon modes should not have effects
on the dynamics of the horizon patch. The density perturbation on the comoving slice safely
damps on the superhorizon scale as shown in Eq. (4.1.19), and therefore they claimed that
the density perturbation should be used as a criterion.

Finally let us mention the critical collapse phenomenon. It has been reported that the
mass of the gravitational collapsed object is given by the power law in (δ − δth) by Chop-
tuik [95] and many subsequent authors (see e.g. Ref. [96] and the recent review article [97]).
Several numerical studies mentioned above [82–87] confirmed this phenomenon also for
PBH, namely the PBHmass is not simply given by the Hubble mass but depends also on the
amplitude of the density perturbation. Recently several authors have worked on its appli-
cation to the PBH mass function [98, 99].

The above rich phenomena of the PBH formation make the simple analysis difficult.
In this thesis, we only consider a naive evaluation, not considering the critical collapse for
simplicity, and keep the threshold value and the mass ratio to the horizon mass as free pa-
rameters.

4.1.2 Mass	function

Now let us discuss the evaluation of the current abundance and mass of PBH. At first we
briefly mention the mass evolution of PBH after its formation. It is known that black holes
can evaporate due to the Hawking radiation [100, 101] whose temperature is given by TBH =
M2

Pl/MBH. Since it is inversely proportional to the black holemass, the black hole explosively
evaporates away at its last phase. On the other hand, the evaporation effect is almost negli-
gible for sufficiently massive black holes. The energy flux due to this temperature is given
by the Stefan-Boltzmann law I = π2

120 gT4 where g is the total effective degrees of freedom,
and therefore the black hole mass loss per unit time is

−dM
dt

= 4πrSch × I =
π

480
g

M4
Pl

M2 . (4.1.20)
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Accordingly the black hole lifetime is given by,

τBH ∼
160
πg

M3

M4
Pl
∼ 13.8 Gyr

(
M

5× 1014 g

)3
, (4.1.21)

where we approximated g as a constant and neglected a numerical factor 160/(πg). There-
fore PBHs of less than around 1015 g should have evaporated away by now.

On the other hand, PBH may be able to grow by accretion. Though the accretion pro-
cess strongly depends on the circumstances around PBH, here let us briefly estimate the
growth rate to show that it will not increase the PBH mass by orders of magnitude. Since
accreted material will be crossing the Schwarzschild radius at about the speed of light, the
PBH growth rate will be

dM
dt
∼ ρ̄r2

Sch ∼ ρ̄
M2

M4
Pl
∼ t−2 M2

M2
Pl

. (4.1.22)

Integrating this equation gives,

M ∼
(

1
M2

Pl

(
1
t
− 1

t1

)
+

1
M1

)−1

, (4.1.23)

where M1 is themass of PBH at any time t1 as long as PBH iswell inside the horizon. Namely
the fraction of M1 to the horizon mass MH1 ∼ t1M2

Pl is less than unity, f = M1/MH1 < 1.
Thus M tends to M1/(1− f ) in the limit of t→ ∞ and the PBH cannot increase its mass by
orders of magnitude since f cannot be too close to unity. In summary, the current PBHmass
is almost given by the mass at its formation, except for the PBH of less than 1015 g which has
evaporated away by now.

Hereafter we focus on the PBH formation by the large density perturbation. If one
assumes that the perturbation of the comoving scale k produces a PBH at its horizon crossing
at temperature T, the corresponding PBH mass is given by

MPBH = γMH|k=aH =
√

2γMeq

(
g∗eq
g∗

)1/2 (Teq
T

)2

=
γMeq√

2

(
g∗eq
g∗

)1/6 ( keq
k

)2

, (4.1.24)

where γ is a ratio of the PBHmass to the horizonmass andwe used the entropy conservation
g∗sa3T3 = const. with an approximation that the effective degrees of freedom for energy
density g∗ is almost equal to that for entropy density g∗s. Meq denotes the horizon mass at
the matter-radiation equality:

Meq =
4π

3
ρeqH−3

eq =
8π

3
ρ0
r

aeqk3
eq

, (4.1.25)

with the current radiation density ρ0
r = 7.84× 10−34 g cm−3, and the comoving horizon scale

keq = 0.07Ωmh2 Mpc−1 and and the scale factor a−1
eq = 24000Ωmh2 at the equality which are
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normalized for the current scale factor to be unity [102]. With use of g∗eq = 3.36, one can
obtain

MPBH = 18.8γM⊙
( g∗

10.75

)−1/2
(

T
100 MeV

)−2

= 19.3γM⊙
( g∗

10.75

)−1/6
(

k
106 Mpc−1

)−2

. (4.1.26)

In the standard model of particle physics, g∗ ∼ 106.75 before the QCD scale T ! 200 MeV,
g∗ ∼ 10.75 until the electron-positron annihilation 200 MeV ! T ! 0.1 MeV, and g∗ ∼ 3.36
after that T " 0.1 MeV.

To evaluate the formation rate of PBH, we consider the coarse-grained density pertur-
bation, following the Press-Schechter approach [103], as

δR(x) =
∫

d3yWR(|x− y|)δ(y), (4.1.27)

where WR(x) is some window function on the coarse-graining scale R. The corresponding
PBHmass is given by Eq. (4.1.26) by letting k be R−1. Then the formation rate of the PBH of
thatmass is nothing but the probability atwhich the coarse-grained perturbation exceeds the
threshold δth. That is, assuming the density perturbation follows the Gaussian distribution,
the energy fraction at the formation time β(M) = ρPBH/ρ̄|k=aH is given by

β(M) = γ
∫

δth

dδ√
2πσ2

R

e
− δ2

2σ2
R =

γ

2
Erfc

(
δth√
2σR

)
≃ γ√

2π

σR

δth
e
−

δ2
th

2σ2
R , (4.1.28)

where σR is the standard deviation of the coarse-grained density perturbation:

σ2
R = ⟨δ2

R⟩ =
∫

d3xd3y WR(x)WR(y) ⟨δ(x)δ(y)⟩ =
∫

d log k W̃2(kR)Pδ(k). (4.1.29)

with the Fourier mode of the window function W̃:

W̃(kR) =
∫

d3x WR(x)e−ik·x. (4.1.30)

Note that the power spectrum of the comoving density perturbation Pδ is related with that
of the primordial curvature perturbation Pζ by

Pδ(k) =
16
81

(
k

aH

)4
Pζ(k), (4.1.31)

in the radiation-dominated era as shown in Eq. (4.1.19), and the coarse-graining scale should
be taken to the horizon scale at the formation time for the PBH formation, therefore the
variance is given by

σ2
R =

16
81

∫
d log k (kR)4W̃2(kR)Pζ(k), (4.1.32)

from the information of the primordial perturbation.
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For PBHs of more than 1015 g, their current abundance can be evaluated with use of
β(M). Since the PBH energy density at the formation time is given by β(M)ρ̄|k=aH , the
current abundance of PBHs with in M–M + d log M can be calculated as

ΩPBH(M)h2

Ωch2 =
Ωmh2

Ωch2
ρPBH
ρm

∣∣∣∣
eq

=
Ωmh2

Ωch2
1

ρr,eq

(
af

aeq

)−3
ρPBH,f =

Ωmh2

Ωch2
Tf

Teq
β(M)

= 6.09× 108γ1/2β(M)

(
0.12
Ωch2

)(
10.75

g∗f

)1/4 (M⊙
M

)1/2
, (4.1.33)

where the subscript f denotes the PBH formation time and Ωm (Ωc) is the current density
parameter of matter (DM). We used the recent value for the DM density Ωch2 = 0.12 [7].
The total PBH abundance is given by its integration as

ΩPBH,toth2 =
∫

d log M ΩPBH(M)h2. (4.1.34)

For PBHs of less than 1015 g, the energy fraction β(M) is generally used to be constrained.
The current number density of PBHs can be also easily calculated as

nPBH(t0) =
β

γ 4π
3 k−3

= 33 kpc−3γ1/2(6.09× 108β)

(
M⊙
M

)3/2 ( g∗
10.75

)−1/4
, (4.1.35)

where the comoving wavenumber k is normalized for the current scale factor a0 to be unity.
With use of this number density, ρPBH(t0) = MnPBH(t0) should also reproduce the current
PBH abundance (4.1.33).

The large coefficient in Eq. (4.1.33) obviously shows that PBHs should be quite rare ob-
jects at their formation time not to overclose the universe. That is because PBH is produced
as amatter component during the radiation-dominated era and its relative abundance grows
linearly in the scale factor. As a result, current PBH non-detection can constrain the ampli-
tude of the primordial curvature perturbation as Pζ < O(0.01) even for very small scales as
we mention in detail in the next section.

4.2 Phenomenology

Despite its non-detection, so farmany authors have beenworking on primordial black holes.
That iswhy PBH can give a lot of suggestions for the physics of the early universe (even by its
non-detection), or can be used as possible solutions of various astrophysical open questions.
In this section, let us briefly introduce the phenomenology of PBH and the current situation
of the PBH research.

4.2.1 Constraints	on	evaporating	PBH

So far various observational constraints have been imposed on the abundance of PBH both
of less and more than 1015 g. In this subsection, we review the constraints on the light and
evaporating PBHs at first. The high energy particles emitted by PBH evaporation can affect
the physics in the early universe or be directly detected today. From these predictions, the
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Figure 4.1. Several constraints on the energy fraction of evaporating PBHs summarized in Ref. [104].
The gray region shows the excluded parameters. PBHs with the initial mass M∗ ≃ 5× 1014 g evapo-
rate away just now.

energy fraction β(M) can be constrained. Conventionally, to remove the dependence of the
uncertain parameters, the new parameter

β′(M) = γ1/2
( g∗

106.75

)−1/4
β(M), (4.2.1)

is used instead of β(M) itself. All constraints described in this subsection are summarized
in Fig. 4.1. We review Ref. [104] in this subsection.

Big-bang	nucleosynthesis

PBHs evaporating away around the big-bang nucleosynthesis phase t ∼ 10−2–1012 s, corre-
sponding to the PBH mass of M ∼ 109–1013 g, can leave effects on the abundance of syn-
thesized light elements. This has been a subject of long-standing interest and recently Carr
et al. [104] updated the constraints with the detailed analysis particularly of the secondary
long-lived hadrons such as pions, kaons, and nucleons.

Thoughwedonot describe in detail here, let us briefly summarize their results. First the
abundance of PBHs with mass M ∼ 199–1010 g or lifetime τ ∼ 10−2–102 s are constrained by
the extra interconversion between protons and neutrons due to emitted mesons and antin-
ucleons, which increases the neutron-proton freeze-out ratio as well as the final 4He abun-
dance. For PBHs of M ∼ 1010–1012 g, corresponding with τ ∼ 102–107 s, hadrodissociation
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processes are important and they increase the fragments deuterons and 6Li, which would
be strongly constrained. Finally, for M ∼ 1012–1013 g and τ ∼ 107–1012 s, the hadrodissoci-
ation is already insignificant since the energetic neutrons decay before inducing it. Instead,
photodissociation processes are efficient, which cause the overproduction of 3He or D.

As observational constraints on the light elements abundance, they usedYp = 0.2516±
0.0080 [105–110], D/H < 5.16× 10−5 [111, 112], 3He/D < 1.37 [113], and 6Li/7Li < 0.302 [114,
115]. By comparing themwith the prediction under the existence of PBHs, they obtained the
constraints on the PBH formation rate, which are summarized in Fig. 4.1 as thick blue lines.

Cosmic	microwave	background	and	21	cm	signature

The evaporated high energy particles can also affect the spectrum of the cosmic microwave
background. First, for PBHs evaporating after the recombination, the emitted particles con-
tribute to the reionization of matter and decrease the small scale power spectrum of CMB
due to the Thomson scattering by the free electrons. Originally Zhang et al. [116] considered
these effects to constrain the decaying DM, and Carr et al. [104] modified their analysis to
the PBH case. The resultant constraints are given by

β′ < 3× 10−30
(

fH
0.1

)−1 ( M
1013 g

)3.1
, (2.5× 1013 g " M " 2.4× 1014 g), (4.2.2)

where fH ≃ 0.1 is the fraction of emission which comes out in electrons and positrons. Here
the lowermass limit corresponds to black holes evaporating at recombination and the upper
one to those evaporating at a redshift 6 [117], after which the reionization is almost com-
pleted and the opacity is too low for the emitted electrons and positrons to heat the matter
much. This constraint is shown as a thick green line in Fig. 4.1.

The reionization history will be also severely constrained by future 21 cm observations.
Mack and Wesley [118] have shown that PBHs in the range 5× 1013 g < M < 1017 g can be
constrained in this way, and their concrete results are shown as a navy blue dotted line in
Fig. 4.1.

Slightly before the recombination, the evaporation makes the CMB spectrum deviate
from the Planck distribution since the heated photon cannot be perfectly rethermalized near
the recombination. Those spectral distortions are parametrized as µ and y-distortions, which
are observationally constrained as |µ| < 9× 10−5 and y < 1.5× 10−5 [119]. They were first
considered in the context of decaying particle models [120], and Tashiro and Sugiyama [121]
applied them to PBH constraints. The concrete constraints are shown as red dashed lines in
Fig. 4.1. They are not significant currently, but the future space mission like PIXIE [122] and
PRISM [123], which will improve the constraints on µ and y down to O(10−8–10−9), will
make them considerable.

Extragalactic	and	galactic	photon	background

As a direct observation of theHawking radiation by PBHs, one can consider the extragalactic
diffuse γ-ray background. The origin of the diffuse photon has not been clarified yet, but at
least the predicted photon flux emitted by PBHs must not exceed the observed value. Here
let us show the analytic estimation of such constraints with use of the fitting formula of the
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observed flux [124]:

I(Eγ) = 2.743× 10−3 cm−2s−1sr−1
(

Eγ

1 MeV

)−1.1
. (4.2.3)

The treatment is different for PBHs with initial masses below and above M∗ ≃ 5 ×
1014 gwithwhich the lifetime of the PBH is just the current age of the universe. For M > M∗,
the temperature of PBH TBH = M2

Pl/M is almost constant and the peak energy of emitted
photons is given by this temperature. With its lifetime τ, the number of total emitted photons
is roughly M/TBH = M2/M2

Pl. Therefore the current number density of the total photons
emitted by now can be estimated by

nγ0 ∼ nPBH(t0)

(
M

TBH

)(
t0

τ

)
. (4.2.4)

With this photon number density, the photon flux is then I = c
4π nγ0 in units of cm−2s−1sr−1.

This flux should not exceed the observed one (4.2.3) at the peak energy Epri
γ0 ∼ TBH, and then

the constraints on the PBH abundance is

I(Epri
γ0 ) >

c
4π

nPBH(t0)

(
M

TBH

)(
t0

τ

)
, ⇔ β′ " 10−26

(
M
M∗

)3.6
, (for M > M∗).

(4.2.5)

On the other hand, the light PBHs of M < M∗ emit the strongest radiations at their
last phase, at which the Hawking temperature will exceed the QCD scale. In this case, the
flux of the secondary photons from the decay of the hadrons produced by fragmentation
of emitted quarks and gluons and by the decay of gauge bosons dominates that of the di-
rectly emitted primary photons. The spectrum of secondary photons was first analyzed
by MacGibbon and Webber [125], and they showed that the spectrum has its peak around
Eγ ≃ mπ0 /2 ≃ 68 MeV independent of the Hawking temperature because the secondary
photons are dominated by the 2γ-decay of soft neutral pions which are practically at rest.
Then the secondary photon number at the peak scale per unit time and unit energy is given
by

dṄsec
γ

dEγ
(Eγ = mπ0 /2) ∼ TBH

mπ0 /2
, (4.2.6)

and the corresponding current flux is

Isec =
c

4π
nPBH(t0)

mπ0

2
dṄsec

γ

dEγ
(Eγ = mπ0 /2)τ. (4.2.7)

Note that the flux is defined as the photon number for each logarithmic energy bin. The
current peak energy has been redshifted from the PBH evaporation time as

Eγ0 =
mπ0

2
a(τ)

a0
=

mπ0

2

(
τ

t0

)2/3
=

mπ0

2

(
M
M∗

)2
, (4.2.8)



76 CHAPTER 4. OVERVIEW OF PRIMORDIAL BLACK HOLES

supposing the evaporation time τ is in the matter-dominated era. Finally one can obtain the
constraints as

I(Eγ0) > Isec, ⇔ β′ " 5× 10−27
(

M
M∗

)−2.7
, (for M < M∗). (4.2.9)

Carr et al. [104] calculated the current diffuse photon flux more precisely and obtained
the constraintswith use of the observed flux byHEAO1 andother balloon experiments in the
3–500 keV range [126], COMPTEL in the 0.8–30 MeV range [127], EGRET in the 30–200 MeV
range [128], and Fermi LAT in 200 MeV–102 GeV range [129]. They are summarized in
Fig. 4.1 as thick orange lines. PBHs of M ∼ M∗ in our galaxy can also give the galactic
γ-ray background. The corresponding constraints given by Carr et al. [104] are shown by a
thick red line.

Extragalactic	antiproton	and	neutrino

As other cosmic ray components, extragalactic antiprotons and neutrinos can be considered.
The constraints by extragalactic antiprotons given by Carr et al. [104] are shown by a blue
dashed line. They first adopted the uppermass limit M " 2× 1014 g, correspondingwith the
PBHs evaporating before the galaxy formation. That is because more massive PBHs will be
clustered in galaxies and the leakage time for emitted antiproton to escape galaxies has a lot
of uncertainties. On the other hand, the emitted antiprotons have to survive by now against
the pp̄ annihilation in the cosmological background. The mean rate of this annihilation is
given by Γpp̄(t) ∼ 2 × 10−22(t/t0)−2 s−1, and therefore the surviving condition after the
evaporation time τ reads

∫ t0

τ
Γpp̄(t′)dt′ < 1, ⇔ τ ! 1.3 Myr. (4.2.10)

It gives the lower limit of mass as M ! 4× 1013 g for the extragalactic antiproton constraints.
Relic neutrinos can also give constraints and the results by Carr et al. [104] are shown

by blue dashed lines. Potentially they can constrain PBHs whose lifetime is more than the
time of neutrino decoupling (τ ! 1 s), corresponding with the lower mass limit of M !
109 g. However Super-Kamiokande has its sensitivity only for high energy neutrinos Eν̄e0 >
19.3 MeV [130], and therefore the constraints for light PBHs are quite limitted.

Other	constraints

For M ! M∗, PBHs have not been evaporated away yet, so at least their current abundance
must not exceed the observed DM abundance. The constraints from this condition are di-
rectly given by Eq. (4.1.33) and shown by a green dashed line in Fig. 4.1.

Basically PBHs evaporating before the BBNphase cannot be constrained since the emit-
ted radiations are completely rethermalized and therefore they merely change the baryon-
to-photon ratio ηB. If one assumes that the original ηB is at most unity, the constraints can be
given so that the baryon should not be diluted further than the observed value ηB ∼ 10−9.
Noting that the PBH energy density grows as linearly in the scale factor compared to the
radiation, and the PBH formation and evaporation time are given by tf ∼ M/M2

Pl and
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τ ∼ M3/M4
Pl, the corresponding constraints are [131]

β′ < 109
(

τ

tf

)−1/2
∼ 109

(
M

MPl

)−1
∼ 10−5

(
M

109 g

)−1
, (M < 109 g). (4.2.11)

The evaporating PBH can produce any other particles predicted in theories beyond the
standard model. For example, in supersymmetry or supergravity, the lightest supersym-
metric particle (LSP) can be stable and become a candidate for DM. If such a particle exists,
the condition that the current abundance of emitted LSPs do not exceed the DM abundance
can give constraints as [132]

β′ " 10−18
(

M
1011 g

)−1/2 ( mLSP
100 GeV

)−1
, (M < 1011 g(mLSP/100 GeV)−1). (4.2.12)

Also PBHs may not be evaporated completely but leave stable Planck-mass relics as
pointed out by MacGibbon [133]. In this case, the Planck-mass relics must not exceed the
DM abundance and this condition implies [134]

β′ < 2× 10−28κ−1
(

M
MPl

)3/2
, (4.2.13)

for the mass range
(

TR
MPl

)−2
<

M
MPl

< 1011κ2/5, (4.2.14)

where the relic mass is parametrized as mrelic = κMPl and TR denotes the reheating temper-
ature. The upper mass limit arises because PBHs larger than this dominate the total density
before they evaporate.

We did not show these constraints (4.2.11), (4.2.12), and (4.2.13) since they depends on
several model assumptions.

4.2.2 Non-evaporating	PBH and	dark	matter

PBHs of more than about 1015 g can survive until now and they can ba a candidate of DM.
Therefore the observational constraints on the abundance of such PBHs are so important.
Comparedwith evaporatingPBHs, the constraints on non-evaporatingPBHs are often shown
in terms of the fraction to DM, f (M) = ΩPBH(M)/ΩDM. In Fig. 4.2, we summarized the ex-
isting constraints, which are described in detail below. This figure shows the DM window
is sill opened in the mass range of ∼ 1021–1024 g. Basically we review Ref. [99] in this sub-
section.

Evaporation	constraints

The constraint shown by a purple line is the same as that from the extragalactic γ-ray back-
ground, which was described in the previous subsection and shown by thick orange lines in
Fig. 4.1. But here we used the simple analytic expression:

EGγ: f (M) " 2× 10−8
(

M
M∗

)3+ϵ

, (M > M∗ = 5× 1014 g), (4.2.15)
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following Ref. [99], where ϵ is a fitting parameter of the observed extragalactic intensity
Iobs ∝ E−(1+ϵ) ∝ M1+ϵ. ϵ lies between 0.1 (favored inRef. [124]) and 0.4 (favored inRef. [128])
and we adopt ϵ = 0.2 in Fig. 4.2.

Lensing	constraints

To observe the point-like objects such as BHs, the gravitational lensing is a strong tool. The
constraints using the lensing are indicated by blue lines in Fig. 4.2.2

First, the constraints on very low mass objects come from the femtolensing of γ-ray
bursts. The recent work by Barnacka et al. [137] shows the constraints which can be approx-
imated as

Femto: f (M) < 0.1, (5× 1016 g < M < 1019 g). (4.2.16)

The precise form is shown in Fig. 4.2.
MACHO and EROS collaborations proceed microlensing observations of stars in the

Large and Small Magellanic Clouds. First MACHO observed 17 events and claimed that
thesewere consistentwith compact objects of∼ 0.5M⊙ contributing 20% of the halomass [138].
However the later studies suggested that the halo contribution of ∼ 0.5M⊙ PBHs could be
at most 10% [139]. The EROS experiment obtained more stringent constraints by arguing
that some of the MACHO events were due to self-lensing or halo clumpiness [140], and ex-
cluded 6× 10−8M⊙ < M < 15M⊙ compact objects from dominating the halo. Combining
the earlier MACHO results [141] with the EROS-I and EROS-II results extended the upper
bound to 30M⊙ [140]. The constraints can be roughly expressed as

EROS/MACHO: f (M) <

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1, (6× 10−8M⊙ < M < 30M⊙),

0.1, (10−6M⊙ < M < M⊙),

0.04, (10−3M⊙ < M < 0.1M⊙).

(4.2.17)

Recent Kepler data considerably improved the limits in the low-mass range as [142]

Kepler: f (M) < 0.3, (2× 10−9M⊙ < M < 10−7M⊙). (4.2.18)

Millilensing of compact radio sources [143] gives a limit which can be approximated as

mLQ: f (M) <

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
M

2× 104M⊙

)−2
, (M < 105M⊙),

0.06, (105M⊙ < M < 108M⊙),
(

M
4× 108M⊙

)2
, (M > 108M⊙).

(4.2.19)

2In the process of finalizing this thesis, Niikura et al. [135] put a new stringent constraint in the mass range
1020 g < M < 1028 g, making use of the Subaru Hyper Suprime-Cam(HSC) dense cadence data. When one
combines it with other observational constraints summarized in this section, only the mass region ≃ 1020 g
remains for PBHs as all DM. In Ref. [136], we showed that the PBHs, which have an inflationary origin, can still
be a dominant component of DM of mass ≃ 1020 g, taking the model which we describe in the next chapter.



4.2. PHENOMENOLOGY 79

10
15

10
20

10
25

10
30

10
35

10
40

10
45

10
50

10
-8

10
-6

10
-4

10
-2

1
10
-15

10
-10

10
-5

1 10
5

10
10

10
15

MPBH [g]

Ω
P
B
H
/Ω

D
M

MPBH/M⊙

EGγ

Femto

WD

NS

Kepler

EROS/MACHO

WB

mLQ

LSS

DF
Eridanus II

FIRAS

WMAP3

Planck

GC

PT
R-X

Figure 4.2. Constraints on the current abundance of the non-evaporating PBHs. The shaded regions
are excluded. The effects are extragalactic γ-rays from evaporation (EGγ) [104], femtolensing of γ-ray
bursts (Femto) [137], white-dwarf explosions (WD) [144], survival of star compact remnants in glob-
ular clusters (GC) [145], neutron-star capture constraints (NS) [146], Kepler microlensing of stars (Ke-
pler) [142], accretion radio andX-ray (R-X) [147], pulsar timing (PT) [148], EROS/MACHOmicrolens-
ing of stars (EROS/MACHO) [140], survival of star cluster in Eridanus II (Eridanus II) [149], wide
binary disruption (WB) [150], dynamical friction on halo objects (DF) [151], millilensing of quasars
(mLQ) [143], large scale Poisson noise (LSS) [104, 152], and accretion effects on CMB (WMAP3 and
FIRAS [153], and Planck [154]). The color of lines indicates the observation methods: extragalactic
γ-ray (purple), gravitational lensing (blue), dynamical constraints (green), large scale structure (red),
pulsar timing (navy blue), and accretion effects on CMB (orange). GC and NS are plotted by dotted
lines since they assume the significant DM density in globular clusters though there is no observa-
tional evidence [155, 156] and they seem to be questionable. FIRAS andWMAP3 (Planck) are shown
by dashed (thin) lines because they are not the direct observations of the current BHs and involve
several uncertainties of the accretion physics [99, 157, 158]. Finally PT are shown by the dashed line
because it requires the further 30-year observing.

Dynamical	constraints

The existence of PBHs or their movement in galaxies will affect the evolution of stars or
the property of interstellar media. These dynamical constraints are shown by green lines in
Fig. 4.2.

For low-mass range ∼ 1019–1020 g, Graham et al. [144] claimed that the transition of
PBHs through a white dwarf causes localized heating due to dynamical friction and induce
its supernova explosion. The abundance of these PBHs is constrained by the observation of
the white dwarf population near the galactic center and also the observed supernova rate.
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The constraints can be written as

WD: f (M) <

(
0.4 GeV/cm3

ρDM

)(
M

2× 1020 g

)
, (M < 1020 g), (4.2.20)

where ρDM is the local dark matter density. We plot the precise constraints in the case of
ρDM = 0.4 GeV/cm3.

Binary star systems with wide separation are vulnerable to disruption from encoun-
ters with compact objects. Observations of wide binaries in our galaxy thus constrain the
abundance of PBHs. According to Quinn et al. [150], the constraint became

WB: f (M) <

⎧
⎪⎨

⎪⎩

(
M

500M⊙

)−1
, (500M⊙ < M " 103M⊙),

0.4, (103M⊙ " M < 108M⊙).
(4.2.21)

Carr and Sakellariadou [151] pointed out that massive PBHs will be dragged into the
nucleus of our galaxy by the dynamical friction of the spheroid stars and PBHs themselves,
which leads to excessive nuclear mass unless

DF: f (M) <

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
M

2× 104M⊙

)−10/7 ( rc
2 kpc

)2
, (M < 5× 105M⊙),

(
M

4× 104M⊙

)−2 ( rc
2 kpc

)2
,

(
5× 105M⊙ ≪ M < 2× 106M⊙

(
rc

2 kpc

))
.

(
M

0.1M⊙

)−1/2
,

(
2× 106M⊙

(
rc

2 kpc

)
< M < 107M⊙

)
,

M
Mhalo

, (M > 107M⊙),

(4.2.22)

where rc ∼ 2 kpc and Mhalo ∼ 3× 1012M⊙ represent the core radius andmass of our galactic
halo. The last constraint comes from the requirement that at least one PBH should be in the
galactic halo to be constrained.

Recently Brandt [149] claims that a mass above 5M⊙ is excluded by the fact that a star
cluster near the center of the dwarf galaxy Eridanus II has not been disrupted by PBHs. His
constraint can be written as

Eridanus II: f (M) "
0.5
(

1 + 0.046M⊙ pc−3

ρ

) (
10M⊙

M

) (
σ

10 km s−2

)

1 + 0.1 log
[

10M⊙
M

(
σ

10 km s−1

)2
] , (4.2.23)

where ρ and σ are the density and velocity dispersion of the dark matter at the center of the
galaxy Eridanus II. In Fig. 4.2, we take ρ = 0.1M⊙ pc−3 and σ = 5 km s−1.

Capela et al. claimed that white dwarfs and neutron stars would be destroyed by PBHs
absorbed into their progenitor stars at their formation (GC) [145], or by PBH capture due to
dynamical friction (NS) [146] in globular clusters. Thus the observation of white dwarfs or
neutron stars in globular clusters can constrain the PBH abundance. However their con-
straints assume so high dark matter density in globular clusters as ρDM ∼ 2× 103 GeV/cm3
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though observations of globular clusters showno evidence of significant darkmatter content
in such systems [155, 156]. As a related limit, it was suggested that tidal deformation of a
neutron star could lead to an efficient energy dissipation and capture of a black hole, leading
to stronger constraints [159], but such energy losses are uncertain and they are likely to be
suppressed for realistic parameters and velocities in excess of the speed of sound [160, 161].
So these constraints seem to be questionable and then we plotted them by dotted lines.

Large	scale	structure

For large mass region, the number density of PBHs should be small and they get to show
the point-like property even on the large scale, deviating from the fluid picture. That is, the
two point function of the PBH density perturbation includes the delta function component:

⟨δPBH(x)δPBH(y)⟩ ⊃ Aδ(3)(x− y), (4.2.24)

which yields the constant offset to the matter power spectrum. Afshordi et al. [152] used
observations of the Lyman-α forest to obtain an upper limit of about 104M⊙ on the mass of
any PBHswhich provide the darkmatter. Carr et al. [104] analytically extended it to the case
where the PBHs only provide a fraction of the dark matter. Their constraints can be written
as

LSS: f (M) <

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
M

104M⊙

)−1 ( MLyα

1010M⊙

)
, (M < 107M⊙),

(
M

1010M⊙

)(
MLyα

1010M⊙

)−1
, (M > 107M⊙).

(4.2.25)

The lower expression corresponds to having at least one PBH per the mass of the Lyman-α
scale MLyα ∼ 1010M⊙.

Pulsar	timing

Schutz and Liu [148] suggested the constraints by the pulsar timing. The transit of BHs
induces the increase of optical path length due to the deep gravitational potential. Therefore
it can be detected by the modulation of the pulse period. With future 30-year observations
of the currently known pulsars, the expected constraints can be written as

PT: f (M) < 0.1
(

M
M⊙

)1/3
, (M⊙ < M " 1000M⊙). (4.2.26)

We plot the precise constraints by the navy blue dashed line.

Accretion	effects

Though the Hawking radiation itself of PBHs with the initial mass M > M∗ ≃ 5× 1014 g
is neglegible, they can emit the high energy radiation through the accretion process, which
might affect the thermal history of the universe. Ricotti et al. [153] studied such accretion
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effects on the optical depth or CMB spectral distortion in detail, which can be respectively
constrained by WMAP3 as

WMAP3: f (M) <

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(
M

30M⊙

)−2
, (30M⊙ < M " 104M⊙),

10−5, (104M⊙ " M < 1011M⊙),

M
Mℓ=100

, (M > 1011M⊙),

(4.2.27)

and by FIRAS as

FIRAS: f (M) <

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(
M

M⊙

)−1
, (M⊙ < M " 103M⊙),

0.015, (103M⊙ " M < 1014M⊙),

M
Mℓ=100

, (M > 1014M⊙).

(4.2.28)

The last expressions of both of themwere not included in original Ref. [153] but are required
to have at least one PBH on the scale associatedwith the CMB anisotropies for ℓ = 100mode,
Mℓ=100 ∼ 1016M⊙ [104]. Recently Chen et al. [154] updated the WMAP constraints with use
of the Planck data (Planck). These constraints are shown just by dashed or thin lines in
Fig. 4.2 since they are not direct constraints on the current PBH abundance and potentially
involve several uncertainties of the accretion dynamics as pointed in Ref. [99, 157, 158].3

Gaggero et al. [147] model the accretion of gas on to massive PBHs in our Milky Way
and predict the radio and X-ray emissions. Comparing them with the VLA radio catalog
and the NuSTAR X-ray catalog, they show the constraints on 10M⊙ " M " 100M⊙ (R-X).

4.2.3 Constraints	on	primordial	perturbations

So far we reviewed several constraints on PBH abundance. From them, the first merit of
considering PBHs arises; the PBH abundance is related with the amplitude of the primor-
dial perturbations even onmuch small scale than the CMB scale and so on. Namely the limit
on the PBH abundance can be extended to the constraints on the amplitude of the primor-
dial perturbations because too large primordial perturbations inevitably overproduce PBHs
basically. In this section, let us summarize the constraints on the primordial curvature per-
turbations, inspired by e.g. Ref. [102].

To obtain the conservative constraints, we assume the delta-function-like peak on the
power spectrum of the curvature perturbations on some scale kPBH as

Pζ(k) = Pζ(kPBH)δ(log k− log kPBH). (4.2.29)

Here the PBH mass is associated with the scale kPBH by Eq. (4.1.26). In this section, we fix
the parameters γ and g∗f to γ = 1 and g∗f = 106.75 for simplicity. Then the PBH mass and

3While preparing this thesis, Ali-Haïmoud and Kamionkowski [162] reanalyzed the accretion constraints
with the Planck data and conclude that updated constraints are weaker by at least two orders of magnitude
than those by Ricotti et al. [153].
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the current abundance can be approximated by

MPBH ∼ 13M⊙

(
k

106 Mpc−1

)−2

, (4.2.30)

and

f (M) ∼ 3.4× 108β(M)

(
M⊙
M

)1/2
. (4.2.31)

β(M) is given by

β(M) =
1
2

Erfc
(

δth√
2σR

)
, (4.2.32)

where

σ2
R =

16
81

∫
d log k

(
k

kPBH

)4
W̃2

(
k

kPBH

)
Pζ(k) =

16
81e

Pζ(kPBH). (4.2.33)

Here we adopt the Gaussian window W̃(x) = e−x2/2. The threshold value δth will be fixed
to the analytic prediction δth = w = 1/3. Note that β(M) is now equal to β′(M) with the
current parameter fixing.

Now the PBH abundance is completely related with the primordial curvature pertur-
bations and the amplitude Pζ(kPBH) can be constrained with use of the limits previously
shown. In Fig. 4.3, we plot the corresponding upper bound of the amplitudePζ(kPBH). Navy
blue lines are given by the observational constraints shown in Fig. 4.1 and 4.2. The blue line
corresponds with the DM constraint f (M) ≤ 1. The limits corresponding with the accretion
effects on CMB (WMAP3 and FIRAS) are shown by green dotted lines. We also include the
constraints by the µ-distortion due to the Silk damping and secondary gravitational waves,
which are represented by red plain and dot-dashed lines respectively. We describe them in
the rest of this section.

Note that the PBH constraints are not so strong but can be imposed even on very small
scale 10 Mpc > k−1 > 10−19 Mpc. That is one of the advantages of PBH. The PBH constraints
are almost scale-invariant and can be approximated as Pζ " O(0.01). It can be easily under-
stood. The constraints on the PBH energy fraction are around 10−18 < β′ < 10−28, which
corresponds with 9–11σ rarity. Namely the PBH formation threshold ζth should be 9–11
times larger than the square root of the variance of the curvature perturbations, which can
be approximated by P1/2

ζ (kPBH). Therefore one can obtain rough PBH constraints as

ζth ! (9–11)× P1/2
ζ (kPBH), ⇔ Pζ(kPBH) " O(0.01), (4.2.34)

almost scale independently. Here we used ζth ∼ O(1).

4.2.4 LIGO event	and	secondary	gravitational	wave

In the beginning of 2016, the report by LIGO/Virgo collaboration excited the world; they
succeeded the direct detection of gravitational waves for the first time [163]. The signal
comes from the merger of a binary black hole whose masses are estimated as 36+5

−4M⊙ and
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Figure 4.3. The upper bound on the power spectrum of the primordial curvature perturbations from
the non-detection of PBH. Navy blue lines are given by the observational PBH constraints shown
previously. The blue line corresponds with f (M) ≤ 1. Green dotted lines come from the accretion
constraints (WMAP3 and FIRAS). We also include the constraints by µ-distortion (red plain) and the
secondary gravitational waves (red dot-dashed).

29+4
−4M⊙. The suggestive thing is these black holes are relatively massive and indeed they

are the most massive stellar black holes which human beings have detected. Following this,
the three groups (Bird et al. [157], Clesse and García-Bellido [158], and Sasaki et al. [164])
independently proposed the possibility that those black holes might be PBHs.

Bird et al. and Clesse and García-Bellido basically concentrated on the binary PBH
formation from the pass and capture of each other in the DM halos. Then they found that
30M⊙ PBHs should dominate the DM component to explain the merger rate inferred by
LIGO, 9–240 Gpc−3 yr−1 [165]. On the other hand Sasaki et al. discussed another binary for-
mationmechanism; they considered the free fall of PBHs toward each other in the radiation-
dominated era. Thismechanism ismuchmore efficient and the resultant orbit of binary PBH
tends to be eccentric. Then the merger rate can be significantly enhanced and the required
fraction of 30M⊙ PBH is around f ∼ 5× 10−4–5× 10−3, being marginally consistent with
the accretion constraints at that time. After that, Eroshenko [166] claimed that the merger
rate would be worse if one takes account of the effect of the matter perturbation, resulting
in the slightly higher fraction requirement as f ∼ 2× 10−3–2× 10−2. Also Chen et al. [154]
reported that the accretion constraints would be stronger by around two orders of magni-
tude with use of the recent Planck data. However both of the binary PBH formation rate and
the accretion constraints involve several uncertainties and therefore the possibility of 30M⊙
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PBHs for LIGO events is still worth considering.
In these circumstances, recently another constraint on 30M⊙ PBHs is refocused on. That

is secondary gravitational waves. At the linear order, the scalar perturbations are separated
from the metric tensor perturbations (i.e. gravitational wave), but beyond the linear order,
the scalar modes can source the tensor perturbations. If one considers the PBH formation
from the large density perturbations, this effect cannot be negligible. Eq. (4.1.26) indicates
that O(10)M⊙ PBHs correspond with parsec scale perturbations, where the pulsar timing
array observations have their sensitivities. Therefore the secondary gravitational waves ac-
companied by 30M⊙ PBH formation would be detected or excluded by PTA as first pointed
out by Saito and Yokoyama [167, 168]. However there exist several notation confusions in
the literature, so let us resummarize the secondary GW constraints in this subsection, fol-
lowing Ref. [53].

Here let us review the energy of the gravitational wave at first. The metric with the
linear tensor perturbation can be written as,

g00 = −a2, gij = a2
(

δij +
1
2

hij

)
, (4.2.35)

and its inverse is,

g00 = −a−2, gij = a−2
(

δij − 1
2

hij
)

, (4.2.36)

at the leading order. hij is a transverse-traceless tensor perturbation, ∂ihi
j = hi

i = 0, and its
upper indices are defined by hij = δikδjlδkl . In this normalization, the second order action
for the tensor perturbation reads

Sh =
M2

Pl
32

∫
dηd3x a2

((
h′ij
)2
−
(
∇hij

)2
)

, (4.2.37)

where η is the conformal time and prime denotes a derivative with respect to η. Therefore,
in the subhorizon limit where the time derivative of the scale factor is negligible, the energy
density of graviton would be given by

ρGW =
M2

Pl
32

a−2 ⟨h′ijh′ij + hij,khij,k⟩ ≃
M2

Pl
16

a−2⟨hij,khij,k⟩. (4.2.38)

The overline stands for the oscillation average to fulfill ⟨h′2⟩ ≃ ⟨(∇h)2⟩. Then it can be
related with the amplitude of the Fourier mode of h.

It is useful to decompose the tensor perturbation into two polarizations as

hij(η, x) =
∫ d3k

(2π)3

[
eij(k)hk(η) + ēij(k)h̄k(η)

]
eik·x. (4.2.39)

The traceless-transverse polarization tensors are defined by
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

eij(k) =
1√
2

[
ei(k)ej(k)− ēi(k)ēj(k)

]
,

ēij(k) =
1√
2

[
ei(k)ēj(k) + ēi(k)ej(k)

]
,

(4.2.40)
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where e(k) and ē(k) are two independent unit vectors orthogonal to k, satisfying e · ē = 0.
Thus the polarization tensors satisfy the canonical normalization conditions eijeij = ēij ēij = 1
and eij ēij = 0. With use of this Fourier decomposition, the spectrum of the energy density
defined by

ρGW(η) =
∫

d log k ρGW(η, k), (4.2.41)

can be written by the oscillation average of the power spectrum of h as

ρGW =
M2

Pl
16

(
k
a

)2

(Ph(k) + Ph̄(k)) =
M2

Pl
8

(
k
a

)2
Ph(k). (4.2.42)

In the second equality, we expect Ph = Ph̄ for CP conserving background. It is useful to
define the density parameter of GWs normalized by the critical density of the universe as

ΩGW(η, k) =
ρGW(η, k)

ρcrit
=

1
24

(
k

aH

)2
Ph(η, k). (4.2.43)

Now let us include the scalar perturbations into the metric to see the excitation of GW
from the scalar perturbations. We consider the following metric

g00 = −a2(1 + 2Φ), gij = a2
[
(1− 2Ψ)δij +

1
2

hij

]
, (4.2.44)

in the Newtonian gauge. Hereafter we assume that the anisotropic inertia term is negligible,
i.e., Φ = Ψ for simplicity. Also, to see the excited GW, we neglect the first order tensor
perturbation and expect h ∼ Φ2 ∼ Ψ2 for order counting. The spatial component of the
relevant lowest order Einstein tensor in these assumptions (i.e. at the second order w.r.t. Ψ
and the linear order w.r.t. h) is given by

T̂ij;kl δkk′G(2)k′
l = −

1
a2

[
1
4

(
h′′ij + 2H−∇2hij

)
+ T̂ij;kl S̃kl

]
, (4.2.45)

where

S̃ij = 4Ψ∂i∂jΨ + 2∂iΨ∂jΨ, (4.2.46)

and H = a′/a = aH is the Hubble parameter in the conformal time. The second order
energy-momentum tensor is

T̂ij;kl δkk′T(2)k′
l = T̂ij;kl

M2
Pl

a2

[
4

3(1 + w)
∂k

(
Ψ′

H + Ψ
)

∂l

(
Ψ′

H + Ψ
)]

. (4.2.47)

To extract the transverse-traceless component, we used the projection operator T̂ij;kl , which
has the following properties:

T̂ij;kl T̂kl;mn = T̂ij;mn, ∂iT̂ij;kl Okl = T̂ii;kl Okl = 0, (4.2.48)

for an arbitrary tensor Oij. From the transverse-traceless component of the second order
Einstein equation:

T̂ij;kl δkk′G(2)k′
l = −

1
M2

Pl
T̂ij;kl δkk′T(2)k′

l , (4.2.49)
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one can obtain EoM for excited GWs as

h′ij + 2Hh′ij −∇2hij = −4T̂ij;klSkl , (4.2.50)

where the source term is given by

Sij = 4Ψ∂i∂jΨ + 2∂iΨ∂jΨ−
4

3(1 + w)
∂i

(
Ψ′

H + Ψ
)

∂j

(
Ψ′

H + Ψ
)

. (4.2.51)

Here we have used T̂ij;klhkl = hij. In terms of polarization tensors, the source term can be
expressed as

T̂ij;klSkl =
∫ d3k

(2π)3 eik·xT̂ij;kl(k)Skl(k), (4.2.52)

where

T̂ij;kl(k) = eij(k)ekl(k) + ēij(k)ēkl(k). (4.2.53)

Performing the Fourier transformation, one obtains EoM for hk as

h′′k(η) + 2Hh′k(η) + k2hk(η) = 4Sk(η), (4.2.54)

where

Sk(η) =
∫ d3q

(2π)3 eij(k)qiqj

[
2Ψq(η)Ψk−q(η) +

(
Ψ′q(η)
H + Ψq(η)

)(
Ψ′k−q(η)

H + Ψk−q(η)

)]
.

(4.2.55)

The EoM for h̄k can be obtained simply by replacing the polarization tensor eij(k)with ēij(k)
in Eq. (4.2.55).

This EoM can be formally solved by the Green function method as

hk(η) =
4

a(η)

∫ η
dη̃G(h)

k (η, η̃)a(η̃)Sk(η̃), (4.2.56)

where Gh
k is the Green function for ahk:

G(h)′′
k (η, η̃) +

(
k2 − a′′

a

)
G(h)

k (η, η̃) = δ(η − η̃). (4.2.57)

During the radiation-dominated era a ∝ η, the explicit form of this Green function can be
easily found as

G(h)
k (η, η̃) = θ(η − η̃)

sin[k(η − η̃)]
k

, (4.2.58)

with use of the step function θ(η− η̃). On the other hand, the linear order scalar perturbation
can be expressed by the transfer function D(x) and the initial amplitude ψk as [169]

Ψk(η) = D(kη)ψk. (4.2.59)
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The explicit form of the transfer function during the radiation-dominated era is

D(x) =
9
x2

[
sin(x/

√
3)

x/
√

3
− cos(x/

√
3)

]
. (4.2.60)

The initial amplitude ψk is related with the primordial curvature perturbation by ψk =
−2ζ/3 (1.1.78) in the Newtonian gauge. With use of this expression of the scalar pertur-
bation, the two point function of the source term is given by

⟨Sk(η1)Sk′(η2)⟩ =
∫ d3k̃d3k̃′

(2π)6 eij(k)k̃i k̃j ekl(k′)k̃′kk̃′l

× f (k̃, k− k̃, η1) f (k̃′, k′ − k̃′, η2) ⟨ψk−k̃ψk̃ψk′−k̃′ψk̃′ ⟩ , (4.2.61)

where

f (k1, k2, η) = 2D(x1)D(x2) +

(
k1

HD′(x1) + D(x1)

)(
k2

HD′(x2) + D(x2)

)
, xi = kiη.

(4.2.62)

Note that here prime does not denote the η-derivative but instead x-derivative. One can
clearly see that f (k1, k2, η) is symmetric under k1 ↔ k2, and invariant under ki → −ki. The
projection of k̃ reads eij(k)k̃i k̃j = k̃2 sin2 θ cos 2ϕ/

√
2 for our normalization of the polariza-

tion tensors, where θ and ϕ are the zenith and azimuthal angle of k̃ w.r.t. k. Non-vanishing
contributions of ⟨ψk−k̃ψk̃ψk′−k̃′ψk̃′ ⟩ come from two connected parts which are proportional
to δ(3)(k+k′)δ(3)(k̃+ k̃′)Pψ(k̃)Pψ(|k− k̃|) or δ(3)(k+k′)δ(3)(k− k̃+ k̃′)Pψ(k̃)Pψ(|k− k̃|).
Noting that f (k1, k2, η) is invariant under k1 ↔ k2 or ki → −ki, and that the projection
eij(k)k̃i k̃j is invariant under k → −k or k̃ → −k̃, one can see that these two contributions
are the same after the integration of k̃′. Thus, Eq. (4.2.61) reads

⟨Sk(η1)Sk′(η2)⟩ =
2π2

k3 δ(3)(k + k′)
4

81

∫ ∞

0
dk̃
∫ 1

−1
dµ

k3k̃3

|k− k̃|3
(1− µ2)2

× f (k̃, k− k̃, η1) f (k̃, k− k̃, η2)Pζ(k̃)Pζ(|k− k̃|). (4.2.63)

Now we are already armed with all weapons. Changing the integration variables to k1 = k̃
and k2 = |k− k̃| and substituting this into Eq. (4.2.56) and (4.2.43), one can finally obtain,

ΩGW(η, k) =
8

243

∫ ∫

|µ12|≤1
d log k1d log k2 Pζ(k1)Pζ(k2)(1− µ2

12)
2
(

k1k2

k2

)3
I2(k1/k, k2/k, kη),

(4.2.64)

where µ12 = (k2
1 + k2

2 − k2)/(2k1k2) and

I(u, v, x) =
∫ x

dx̃ x̃ sin(x− x̃) [3D(ux̃)D(vx̃)

+x̃
(
uD′(ux̃)D(vx̃) + vD(ux̃)D′(vx̃)

)
+ x̃2uvD′(ux̃)D′(vx̃)

]
. (4.2.65)

To obtain this expression, we have used the relations a ∝ η and H = aH = η−1 in the
radiation-dominated era. Instead of taking the oscillation average of I2, one can use the



4.2. PHENOMENOLOGY 89

0.1 0.2 0.5 10.001

0.010

0.100

1

10

100

k/k*

Ω
G
W
(η
,k)

/�
ζ2
(k

*)

Figure 4.4. The numerical result of ΩGW for the delta-function-type curvature perturbation Pζ(k) =
Pζ(k∗)δ(log k− log k∗) at kη = 104. The GW spectrum has a sharp peak on kp = 2k∗/

√
3 (gray line)

and its amplitude is evaluated as ΩGW(η, 2k∗/
√

3) ∼ 12.3P2
ζ (k∗).

other transfer function given by replacing sin(x− x̃) with cos(x− x̃) in I as

J(u, v, x) =
∫ x

dx̃ x̃ cos(x− x̃) [3D(ux̃)D(vx̃)

+x̃
(
uD′(ux̃)D(vx̃) + vD(ux̃)D′(vx̃)

)
+ x̃2uvD′(ux̃)D′(vx̃)

]
, (4.2.66)

which corresponds with the kinetic energy of h well inside the horizon, and the oscillation
average of I2 can be well approximated by

I2(u, v, x) =
I2(u, v, x) + J2(u, v, x)

2
. (4.2.67)

The oscillation average of I2 becomes almost constant for sufficiently large η because
the dominantmode of the integrand of I (J) decays as sin(x)/x (cos(x)/x), whose integration
asymptotes to a constant. Therefore the density parameter of GWs is also constant until the
matter-radiation equality. After the matter-radiation equality, GWs decay as the radiation
and therefore the fraction of GWs to the total radiation does not change. Hence the current
density parameter of GWs is given by

ΩGW(η0, k)h2 = Ωr0h2ΩGW(ηc, k) ≃ 4× 10−5ΩGW(ηc, k), (4.2.68)

where ηc denotes some time when ΩGW well settles down to a constant in the radiation-
dominated era.

Though the exact value of ΩGW(k) depends on the shape of Pζ(k) since it includes the
convolution, let us evaluate the current GW spectrum for the delta-function-type primordial
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Figure 4.5. Red lines represent the several current PTA constraints: European Pulser Timing Array
(plane) [170], NANOGrav (dotted) [171], and Parkes Pulsar Timing Array (dot-dashed) [172], and
the sensitivity of the future SKA experiments is shown by the blue line [173, 174]. The frequency of
GW and the wavelength of the scalar perturbation are related by f = kp/(2π) = k∗/(

√
3π).

curvature perturbation Pζ(k) = Pζ(k∗)δ(log k − log k∗) to estimate the constraints on the
amplitude of the primordial perturbation from the secondary GW. For this power spectrum,
the density parameter of GWs reads

ΩGW(η, k) =
8

243
P2

ζ (k∗)

(
1−

(
1− k2

2k2
∗

)2)2 (
k∗
k

)6
I2(k∗/k, k∗/k, kη), k ≤ 2k∗.

(4.2.69)

In Fig. 4.4, we plotted the result of the numerical integration of this for kη = 104. The
resultant GW spectrum has a sharp peak on kp = 2k∗/

√
3 [168] represented by the gray line

in this figure. The peak amplitude is evaluated as ΩGW(η, 2k∗/
√

3) ∼ 12.3P2
ζ (k∗). Therefore

the current GW abundance is given by

ΩGW

(
η0,

2k∗√
3

)
h2 ∼ 5× 10−8

(Pζ(k∗)
0.01

)2

. (4.2.70)

On the other hand, the parsec scale GW is severely constrained by the pulsar timing
array experiments. In Fig. 4.5, we show the several current PTA constraints as well as the
future SKA experiments. Note that the GW frequency and the wavelength of the scalar
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perturbation are related by f = kp/(2π) = k∗/(
√

3π). Eq. (4.1.26) shows the relevant scale
corresponds with ∼ 0.1–10M⊙, and with use of Eq. (4.2.70), it can be seen that the PBH
formation at this range is severely constrained by PTA constraints. In Fig. 4.3, we plot the
amplitude constraints corresponding with EPTA by the red dot-dashed line as an example.
Though these PTA constraints are quite strong, we show a concretemodel which can explain
30M⊙ PBHs, being marginally consistent with these constraints in the next chapter.

4.2.5 Supermassive	black	hole

Finally let us discuss the supermassive black holes in this subsection. Most galaxies in-
cluding our Milky Way are thought to possess one or a few SMBHs whose masses reach
to 106–109.5M⊙ in their centers (see e.g. the recent review [175]), and moreover, such mas-
sive black holes have been found even at high redshifts as z ∼ 6–7 [176, 177]. It is difficult
to astrophysically explain the formation of such SMBHs in the early phase, and it has been
still an open question. Bean and Magueijo [178] suggested that PBHs as initially massive as
105M⊙ could be the seeds of SMBHs. Though their analysis in fact assumed an optimistic
growth rate for massive PBHs, the precise growth process of massive PBHs is still unknown
and various authors are working on this possibility.

On the other hand, the massive PBH formation in inflation is known to be a difficult
problem due to the µ-distortion [134, 179–181]. µ-distortion is one type of the CMB spec-
tral distortion as mentioned previously, and in the standard cosmology, it is caused by the
entropy release due to the Silk damping of the subhorizon density perturbations. If the den-
sity perturbations are large enough to produce non-negligible PBHs, their decays due to the
Silk dampingwould yield too large µ-distortion and be excluded by CMB observations. The
expected µ-distortion with a single k-mode can be approximated by [180, 181]

µ ∼ 2.2Pζ(k)

⎡

⎣exp

[
− k

5400 Mpc−1

]
− exp

⎡

⎣−
(

k
31.6 Mpc−1

)2
⎤

⎦

⎤

⎦ , (4.2.71)

which should be smaller than the current upper bound µ < 9 × 10−5 [119]. We plot the
corresponding constraints in Fig. 4.3 by the red plain line, which strongly constrain the for-
mation of ∼ 105M⊙ PBHs. Several future experiments such as PIXIE [122] or PRISM [123]
could update the µ constraints to µ " 10−9.

Recently Nakama et al. proposed a novel massive PBH formation scenario in inflation,
avoiding this constraint [182]. They prepared themulti-field inflation potential, in which the
inflatons roll along a special trajectory different from the unperturbed one with a quite low
probability. If this trajectory corresponds with theO(1) large e-foldings, the corresponding
regions are assumed to be PBHs. However the other regions evolve around the unperturbed
trajectory, which is assumed to give a standard small perturbation as ∼ 10−5, and therefore
the predicted mean µ-distortion remains small enough. Although their potential is too arti-
ficial in fact, massive PBHs might be produced in such a way.





Chapter 5
Case	1: Separated	Double	Inflation

In general, it is difficult to realize sharp variation on the scalar power spectrum in the
simplest single-field slow-roll inflation since the change ratio of the power spectrum is sup-
pressed by the slow-roll parameters. Here let us consider a double inflation model whose
energy scales are separated as a first example. Separating the source for the small scale per-
turbations from that for the CMB scale perturbations, this model can easily realize the PBH
formation in any mass region and in any abundance. Furthermore, in some parameter re-
gion, a second sharp peak which is available for explaining LIGO’s events can be produced,
corresponding with the modes which cross the horizon around the beginning of the second
inflation. In this chapter, we adopt the Planck unit MPl = 1 and this chapter is based on
Refs. [53, 183].

5.1 New	inflation	in	supergravity

First let us introduce a realization of new inflation in the SUGRA framework, which natu-
rally imply the existence of the preinflation phase before the new inflation. In the following
sections, we assume that the preinflation is responsible for the CMB scale perturbations,
while the new inflation generates the small scale perturbations so that sufficient PBHs are
produced.

In this section, we follow the model proposed in Refs. [184, 185]. This model is based
on a discrete R symmetry Z2nR which is broken down to a discrete Z2R during and after the
new inflation. The inflaton superfield Φ is supposed to have an R charge 2, which leads the
following effective superpotential at the leading order,

W(Φ) = v2Φ− g
n + 1

Φn+1. (5.1.1)

The R-invariant effective Kähler potential can be written as

K(Φ) = |Φ|2 + κ

4
|Φ|4 + · · · . (5.1.2)
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For these super- and Kähler potentials, the scalar potential is given by

V(Φ) = eK(KΦ̄ΦDΦWDΦ̄W∗ − 3|W|2), (5.1.3)

where bars denote complex conjugation, KΦ̄Φ is the inverse of the Kähler metric KΦΦ̄ =
∂2K/∂Φ∂Φ̄, and DΦ is a covariant derivative DΦW = WΦ + KΦW. Then, defining the infla-
ton by ϕ =

√
2ReΦ,1 the leading terms of the potential are shown as

V ≃ v4 − κ

2
v4 ϕ2 − g

2
n
2−1 v2 ϕn +

g2

2n ϕ2n, (5.1.4)

and the slow-roll inflation can be driven either by the quadratic or nth moment term.
This potential has a negative minimum at ϕmin ≃

√
2
(
v2/g

)1/n as

⟨V⟩ ≃ −3 ⟨eK|W|2⟩ ≃ −3
(

n
n + 1

)2
v4
(

v2

g

)2/n

, (5.1.5)

due to the SUGRA effect. If one assumes that this negative energy is canceled out after infla-
tion with a positive contribution µ4

SUSY due to the SUSY-breaking effect, the SUSY-breaking
scale (or the gravitino mass m3/2) can be related with the new inflation scale by

m3/2 ≃
µ2
SUSY√

3
≃ n

n + 1
v2
(

v2

g

)1/n

. (5.1.6)

After inflation, ϕ oscillates around its potentialminimumwith amass scale ofmϕ ≃ nv2 (v2/g
)−1/n,

and therefore, assuming that ϕ decays via a dimension-five Planck-suppressed operator, the
reheating temperature can be evaluated as

TR ≃ 0.1m3/2
ϕ ≃ 0.1n

3
2 g

3
2n v3− 3

n . (5.1.7)

The reheating temperature is necessary for the normalization of the perturbation scale as

log

(
k

0.002 Mpc−1

)
= −N + 56 +

2
3

log

(
ρ1/4
f

1016 GeV

)
+

1
3

log
(

TR
109 GeV

)
, (5.1.8)

where N denotes the backward e-folds at the horizon exit of the considered mode, and ρf is
the energy density at the end of new inflation.

Now let us consider the initial condition for this inflation. Small field new inflation
generally suffers from a severe initial condition problem. That is, both the inflaton’s initial
field value and its time derivative should be extremely small to have a sufficiently long in-
flation, but originally there is no reason to stabilize the inflaton field to the potential origin
since the inflaton potential should be flat enough to satisfy the slow-roll conditions. More-
over, even if one can introduce some stabilizing term in the potential, new inflaton realizes
eternal inflation if the inflaton’s initial field value is much smaller than the Hubble fluc-
tuation H/(2π), and the curvature perturbations generated around the beginning of new
inflation should exceed unity. Because we want new inflation to contribute only to small

1Φ has n potential minima and the positive direction of ϕ = ReΦ is always toward one of them. Furthermore,
due to the linear potential termwhich wewill introduce later, indeed this direction is chosen as a true trajectory.
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scale perturbations as mentioned below, we have to avoid the eternal inflation condition for
our observable universe not to be eaten by PBHs due to large curvature perturbations.

As proposed in Ref. [185], these problems can be naturally solved in SUGRA frame-
works by introducing a preinflation phase before the new inflation and adding a constant
term to superpotential Wconst = C.2 During the preinflation, the inflaton of the new infla-
tion can have a Hubble induced mass term 1

2 Vpreϕ2 ≃ 3
2 H2ϕ2 through the coefficient eK of

the potential. Moreover the constant superpotential term yields the linear term 2
√

2Cv2 ϕ in
the potential, which shifts the potential minimum from 0 to 2

√
2 Cv2

Vpre
. The Hubble induced

mass keeps stabilizing the inflaton even after the preinflation until the beginning of the new
inflation Vpre ≃ v4, and therefore the initial field value of ϕ is given by

ϕi ≃ 2
√

2
C
v2 . (5.1.9)

The new inflation can avoid eternal inflation as long as ϕi is sufficiently larger than the Hub-
ble fluctuation H/(2π) at the beginning of the new inflation.

For concrete discussion, let us assume chaotic inflation as a preinflation here and here-
after since large field inflation is favored from the view point of the initial condition prob-
lem.3 Following Ref. [186], we consider the following super- and Kähler potential:

⎧
⎪⎨

⎪⎩

W = v2Φ− g
n + 1

Φn+1 + mSX + C,

K = |Φ|2 + 1
2
(X + X∗)2 + |S|2 + κ

4
|Φ|4 + λ|Φ|2|S|2 + ξ

2
|Φ|2(X + X∗)2.

(5.1.10)

Here X and Φ include the inflatons χ and ϕ for chaotic and new inflation respectively as
their scalar components, and S is called stabilizer. Φ and S have R charge 2 and X and S
additionally have Z2 charge 1. The Kähler potential is written by invariant terms under
these symmetries, including relevant higher order terms. In addition, we suppose a shift
symmetry for X so that the Kähler potential is invariant under the shift ImX → ImX + α for
an arbitrary α. For these super- and Kähler potentials, the scalar potential is given by

V = eK(KJ̄I DIWDJ̄W
∗ − 3|W|2)

≃ v4 − 2
√

2Cv2 ϕ− κ

2
v4ϕ2 − g

2
n
2−1 v2 ϕn +

g
2n ϕ2n +

1
2

m2χ2
(

1 +
cpot

2
ϕ2
)

, (5.1.11)

where χ =
√

2ImX, ϕ =
√

2ReΦ, and cpot = 1− λ. Also the kinetic terms are given by

Lkin = −KI J̄∂µφ̄ J̄∂µφI ⊃ −1
2

(
1− ckin

2
ϕ2
)
(∂χ)2 − 1

2

(
1 +

κ

2
ϕ2
)
(∂ϕ)2, (5.1.12)

2Note that, in the original model [185], hybrid inflation is assumed as a preinflation, which automatically
gives a nonzero constant superpotential during preinflation. However, since we have already introduced the
constant superpotential term by hand (though its possible origin is described later), the inflation models which
do not give a nonzero superpotential can be also adopted as a preinflation in our model.

3Note here that this simple choice is not consistent with Planck’s results. This is because the e-folding number
of the preinflation for the observable universe gets smaller than 60, for the following new inflation continues
∼ 30 e-folds here. As a result, the predicted nS and r are shifted. However, for small scale perturbations, almost
only the oscillatory behavior of the inflaton for preinflation is relevant and it can be approximated by a quadratic
potential force at the leading order. Therefore we assume that our discussions for PBH formation are valid also
for other large field inflation than a quadratic potential.
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for relevant fields χ and ϕ, where ckin = −ξ. Thanks to higher order terms in the Kähler
potential, now we can vary the coefficient of the Hubble induced mass during the preinfla-
tion and the χ-oscillation phase. During preinflation, the total energy is only given by the
χ’s potential energy, ρ = 3H2 = 1

2 m2χ2, therefore the Hubble induced mass term for ϕ can
be written as 3

2 cpotH2 ϕ2. On the other hand, during the χ-oscillation phase, the total energy
is equally given by χ’s kinetic and potential energy, 1

2 χ̇2 = 1
2 m2χ2 = 1

2 ρ if the χ’s oscillation
is driven by the quadratic potential force, where overlines indicate the time average. There-
fore the coefficient of the Hubble induced mass is roughly given by ceff = 1

2 (cpot + ckin).
Hereafter we study this model (5.1.11) and (5.1.12) phenomenologically.

5.2 Inflection	point	and	SUSY-breaking	sector

Let us move to the amplification mechanism of the curvature perturbations in this model.
There are two ways to amplify the curvature perturbations, one of which we focus on in this
section.

As can be easily seen from the potential form (5.1.11), the linear, quadratic, and nth
moment terms can have an inflection point for ϕ > 0 if κ < 0. Since Vϕ is locally maximized
at that inflection point, if the maximum of Vϕ is still negative but quite close to zero, the
slow-roll inflation is not spoiled and moreover very large curvature perturbations can be
produced at this point. The inflection point ϕ∗ can be obtained as

Vϕϕ(ϕ∗) ≃ |κ|v4 − n(n− 1)
2

n
2−1 gv2ϕn−2

∗ = 0, ⇒ ϕ∗ =

(
2

n
2−1

n(n− 1)
|κ|v2

g

) 1
n−2

. (5.2.1)

Then if one requires the flat inflection condition as

Vϕ(ϕ∗) ≃ −2
√

2Cv2 +
n− 2
n− 1

(
2

n
2−1

n(n− 1)

) 1
n−1 |κ| n−1

n−2 v
4n−6
n−2

g
1

n−2
∼ 0,

⇒ g ∼ 1
n(n− 2)

(
n− 2

2(n− 1)

)n−2 |κ|n−1v2(n−1)

Cn−2 , (5.2.2)

The curvature perturbations generated around ϕ∗ can be large enough to produce abundant
PBHs.

If one assumes that the new inflation realizes both small perturbations like those on
the CMB scale and large perturbations which would cause the formation of PBHs, it gen-
erally takes too many e-folds in the transition from small to large perturbations since the
time derivative of the slow-roll parameter itself is suppressed by the slow-roll parameters,

d
dN log ϵV ∼ O(ϵV , ηV), where N denotes the e-folding number and ϵV and ηV represent the
slow-roll parameters 1

2

(
Vϕ

V

)2
and Vϕϕ

V respectively. However, since we have already intro-
duceddouble inflation, the new inflation can be free from theCOBEnormalization simply by
assuming that the preinflation is responsible for the CMB scale perturbations, and then the
new inflation can end in sufficiently short time in that case. In this case, the curvature per-
turbations generated by new inflation should be large even apart from the inflection point,
and then the linear term itself is required to be small enough. By letting Alin denote the
amplitude of the power spectrum of the curvature perturbations during the linear term in
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the potential dominantly contributes to the perturbations, the constant superpotential C is
determined through the following relation:

Alin =
1

12π2
V3

V2
ϕ
≃ 1

96π2
v8

C2 , ⇔ C ≃ 1√
96π2Alin

v4. (5.2.3)

Therefore, for Alin ∼ 10−3, C is required to be as small as v4.
The above two conditions (5.2.2) and (5.2.3) are required for PBH formation by the

flat inflection point. Now, by combining them, the v-dependence of g can be clarified as
g ∼ |κ|n−1v6−2n. Therefore, in the case of n = 3, g ∼ |κ|2 does not depend on the new
inflation scale v and could be smaller than unity. On the other hand, for n ≥ 4, g becomes
much larger than unity for v≪ 1 and such a large g would spoil unitarity of the theory [187].
Moreover n = 3 is uniquely favored by the anomaly free conditions for supersymmetric
standard gauge groups with the discrete R symmetry Z2nR [188]. For those reasons, we
concentrate on the case of n = 3 hereafter.

Before closing this section, let usmention the origin of the constant superpotential term.
Actually the required small constant term C in the superpotential can be interpreted to come
from the SUSY-breaking sector in the case of n = 3 [189].4 The SUSY-breaking F-term order
µ2
SUSY naively arises from the term like

W✘✘✘SUSY = µ2
SUSYZ. (5.2.4)

If Z obtains a vacuum expectation value ⟨Z⟩ ∼ µSUSY, this term can lead the constant su-
perpotential C ∼ µ3

SUSY. Indeed it can be realized in the dynamical SUSY-breaking models
proposed in Refs. [190, 191] if the origin of Z is destabilized due to a large Yukawa cou-
pling (∼ 4π),5 and the estimated constant term is given by C ∼ Λ3/(4π)2 where the dy-
namical scale Λ is related with µSUSY by µ2

SUSY = Λ2/(4π). On the other hand, under the
flat inflection condition (5.2.2) and the large curvature perturbation condition (5.2.3), the
vanishing cosmological constant condition (5.1.6) gives the parameter dependence of the
SUSY-breaking scale as µSUSY ∼ |κ| 1−n

2n v2 n−1
n , neglecting numerical factors. Therefore the

scale dependence of the constant term C is consistent with the above assumption if and only
if n = 3 as

C ∼ v4 ∼ µ3
SUSY. (5.2.5)

It can be checked that this consistency is retained for the concrete parameter values which
will be shown later even if numerical factors are included.

5.3 At	the	beginning	of	new	inflation

Other than the inflection point, the model can make a peak on the scalar power spectrum
around the beginning of new inflation. The simplest way is taking large positive κ and
making the absolute value of the second slow-roll parameter ηV = Vϕϕ/V ≃ −κ large. In
this case, from the naive estimation of the spectral index nS − 1 = −6ϵV + 2ηV ≃ −2κ, the
power spectrum is expected to be strongly red-tilted and show its maximum on around the

4Note that n = 4 is considered in Ref. [189] because the authors’ motivation is not to produce PBHs but to
modify the spectral index in new inflation and therefore the required condition is different.

5It has been shown that Z’s origin is not destabilized at least perturbatively [192].
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Figure 5.1. The schematic image of the horizon scale aH. apre,f and anew,i represent the time of the end
of preinflation and the beginning of new inflation. Between two inflations, the horizon scale generally
decreases as aH ∝ a−

1+3w
2 with w = p/ρ. Therefore themodes which saturate aH|pre,f < k < aH|new,i

can reenter the horizon during the χ-oscillation phase.

largest scale corresponding with the beginning of new inflation. However actually those
modes experience the horizon crossing three times; they at first exit the horizon near the
end of preinflation, then enter the horizon during the χ-oscillation phase between the pre-
and new inflation, and finally reexit the horizon soon after the beginning of new inflation.
Therefore let us briefly study the behavior of the mode function of δϕ first.

The linear EoM for perturbations which have a generic Hubble induced mass term
3
2 cH2ϕ2 is given by

0 ∼

⎧
⎪⎨

⎪⎩

δϕ̈ + 3Hδϕ̇ + 3cH2δϕ, k≪ aH,

δϕ̈ + 3Hδϕ̇ +
k2

a2 δϕ. k≫ aH.
(5.3.1)

Here we neglected the effect of metric perturbations for simplicity though we include them
in the later full numerical calculations. The subhorizon EoM can be rewritten as

∂2
η(aδϕ) +

k2

a2 (aδϕ) ≃ 0, (5.3.2)

with use of the conformal time adη = dt and in the subhorizon limit. Therefore it only
has oscillating solutions whose amplitudes decreases as a−1. On the other hand, in the case
where the background EoS is given by w = p/ρ > −1 (a ∝ t

2
3(1+w) ), the superhorizon EoM

reads

δϕ̈ +
2

(1 + w)t
δϕ̇ +

4c
3(1 + w)2t2 δϕ = 0. (5.3.3)
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Figure 5.2. The scalar power spectrum for the parameters shown in Eq. (5.4.1) (black thick line) and
that for the same parameters except that ckin = 0 (black dashed line). The red region represents
the constraints from the CMB µ-distortion (5.4.2). The black thick line shows the extra peak around
105 Mpc−1 caused bye the amplification of the ϕ’s power due to the cancellation of the Hubble in-
duced mass during the oscillation phase as mentioned in the previous section.

Its dominant mode decays as t−
1−w

2(1+w) +
2

3(1+w)Reν, where ν =

√(
3(1−w)

4

)2
− 3c. That is, the

decay factor is t−
1−w

2(1+w) ∝ a−
3(1−w)

4 if c ≥ 3(1−w)2

16 , and otherwise t−
1−w

2(1+w) +
2

3(1+w) ν ∝ a−
3(1−w)

4 +ν.
In particular, in the massless limit c → 0, the amplitude of the dominant mode is indeed
constant consistently with intuition. In the exact de Sitter background, the two solutions
can be easily found as δϕ ∝ exp

[
− 3

2 Ht
(

1 ±
√

1− 4
9 c
)]

since the Hubble parameter is

constant. Therefore the dominant mode damps as a−
3
2+Re
√

9
4−3c and actually this damping

factor is an extension of the above one for w > −1 to the de Sitter case w = −1.
In summary, the amplitude of the perturbations decreases as

δϕ ∝

⎧
⎨

⎩
a−

3(1−w)
4 +Reν, superhorizon (k≪ aH),

a−1, subhorizon (k≫ aH).
(5.3.4)

Here note that the coefficient of the Hubble induced mass c can be varied for the preinfla-
tion and χ-oscillation phase as mentioned in Sec. 5.1. In the parametrization of (5.1.11) and
(5.1.12), cpre = cpot during preinflation and cosc = 1

2 (cpot+ ckin) during the oscillation phase.
Now let us evaluate the total damping factor. In Fig. 5.1, we show the schematic image

of the horizon scale aH. apre,f and anew,i represent the time of the end of preinflation and the
beginning of new inflation respectively, and the mode k crosses the horizon three times, at
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a1, a2, and a3. Assuming that the amplitude of δϕ is given by the standard value Hpre/(2π)
at the first horizon exit a1, its amplitude at a3 is estimated as,

δϕ|3 ∼
Hpre
2π

( apre,f
a1

)− 3
2+Reνpre ( a2

apre,f

)− 3(1−w)
4 +Reνosc ( anew,i

a2

)−1 ( a3

anew,i

)−1
, (5.3.5)

with use of the above decaying formula. Here νpre and νosc are the values of ν for cpre and
cosc respectively. Noting that the horizon scale aH is proportional to a− 1+3w

2 , this expression
can be rewritten as

δϕ|3 ∼
Hpre
2π

( aH|pre,f
k

)− 3
2+Reνpre ( k

aH|pre,f

) 3(1−w)
2(1+3w)−

2
1+3w Reνosc ( aH|new,

k

) 2
1+3w

(
k

aH|new,i

)−1

=
Hpre
2π

( aH|pre,f
aH|new,i

)− 3(1+w)
1+3w

(
k

aH|pre,f

)−Reνpre− 2
1+3w Reνosc

. (5.3.6)

Finally, with use of aH ∝ a− 1+3w
2 ∝ ρ

1+3w
6(1+w) for apre,f < a < anew,i, one can obtain

δϕ|3 ∼
Hpre
2π

(
ρpre
ρnew

)−1/2 ( k
aH|pre,f

)−Reνpre− 2
1+3w Reνosc

≃ Hnew
2π

(
k

aH|pre,f

)−Reνpre− 2
1+3w Reνosc

. (5.3.7)

Therefore, if ϕ is sufficiently massive both during preinflation and the oscillation phase as
Reνpre = Reνosc = 0, the amplitude δϕ at the second horizon exit a3 is amazingly evaluated
by the simple Hnew/(2π). In this case, the curvature perturbations can be also estimated in
the standard way, and then the above expectation that the large κ leads a sharp peak on the
scalar power spectrum around the beginning of new inflation can be validated.

Moreover this expression suggests another possibility for a peak of the power spectrum.
That is, if the Hubble induced mass is so small during the oscillation phase as Reνosc > 0
(the Hubble inducedmass during preinflation should be sufficiently large to solve the initial
condition problem of new inflation), the spectrum of δϕ|3 can be strongly red-tilted and the
modes for k < aH|pre,f can be much amplified. This situation can be realized because the
Hubble induced mass during the oscillation phase can be canceled out by the negative ckin.
Furthermore, in this case, κ should not be large any longer and even the flat inflection con-
dition mentioned in the previous section can be satisfied simultaneously. Then this model
can make two peaks on the power spectrum as shown in the next section.

Finally let us mention the large scale modes, k < aH|new,i. Those modes are already
superhorizon at the beginning of new inflation and therefore the k-dependence of the scalar
power spectrum for those modes are given by that of the Pϕ at anew,i with use of the δN
formalism, taking the initial slice at anew,i. For those modes, the amplitude of δϕ at anew,i can
be evaluated as

δϕ|new,i ∼
Hpre
2π

( apre,f
a1

)− 3
2+Reνpre ( anew,i

apre,f

)− 3(1−w)
4 +Reνosc

≃ Hnew
2π

(
ρpre
ρnew

) 1+3w
6(1+w)Reνpre+ 1

3(1+w)Reνosc ( k
aH|new,i

) 3
2−Reνpre

. (5.3.8)
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Figure 5.3. The PBH mass fraction to DM ΩPBH/ΩDM calculated from the power spectrum shown
in Fig. 5.2. The large bump around 1020 g corresponds with the flat inflection point, while the sharp
peak on ∼ 6 × 1034 g ∼ 30M⊙ is caused by a steep amplification on k ∼ 105 Mpc−1 due to the
cancellation of the Hubble induce mass during the oscillation phase (note that the dashed power
spectrum in Fig. 5.2 does not show this second peak). For this mass spectrum, the total PBH fraction
reaches unity.

In the second line, the first parenthesis simply represents the amplification factor mentioned
in the previous paragraph. The k-dependence is shown by the second parenthesis, and since
the Hubble induced mass during preinflation is assumed to be large enough (Reνpre ∼ 0) as
mentioned, finally it can be found that the scalar power spectrum is strongly blue-tilted for
k < aH|new,i. Therefore the constraints on the large scale power spectrum could be safely
satisfied.

5.4 Specific	examples

Let us show some concrete examples where PBHs constitute the main component of DM. In
Fig. 5.2, the resultant scalar power spectrum for parameters:

m = 10−5, v = 10−4, C = 1.3× 10−16, κ = −0.338,
g = 0.00456, cpot = 1, ckin = −0.92, (5.4.1)

is shown as a black thick line. To obtain this spectrum, we do not use the slow-roll ap-
proximation but numerically solve the full EoM in the linear perturbation theory described
in Sec. 1.2.1. That is, we solve the EoM (1.2.14) and (1.2.15) with the initial conditions (1.2.26)
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Figure 5.4. The black thick/dashed line represents the associated secondary GW spectrum caused
by the scalar perturbations shown as the black thick/dashed line in Fig. 5.2. Red lines represent
the several current PTA constraints: European Pulser Timing Array (plane) [170], NANOGrav (dot-
ted) [171], and Parkes Pulsar TimingArray (dot-dashed) [172]. The black thick linemarginally avoids
them despite the formation of 30M⊙-PBH, thanks to the steep fall-off of the scalar power spectrum
apart from the maximum point. The future SKA experiments whose sensitivity is shown by the blue
line [173, 174] can detect both black thick and dashed signals.

and (1.2.27), and obtain the power spectrumof the curvature perturbation, followingEqs. (1.2.29)
and (1.2.30). We also plot the result for the same parameters except that ckin is zero as a black
dashed line for comparison. The red region illustrates the constraints from the CMB spectral
µ-distortion (4.2.71) described in Sec. 4.2.5 [119, 180, 181]

9× 10−5 ! µ ∼ 2.2Pζ(k)

⎡

⎣exp

(
− k

5400 Mpc−1

)
− exp

⎛

⎝−
(

k
31.6 Mpc−1

)2
⎞

⎠

⎤

⎦ . (5.4.2)

The broad bump both on the thick and dashed power spectrum corresponds with the flat
inflection in new inflation, while the peak around 105 Mpc−1 on the thick one is caused by
the amplification of the ϕ’s power due to the cancellation of theHubble inducedmass during
the oscillation phase (cosc = 1

2 (cpot + ckin) = 0.04) as mentioned in the previous section.
The corresponding PBH mass spectrum is shown in Fig. 5.3. To obtain this spectrum,

we used the Gaussian window function W̃(kR) = e−k2R2/2 , the original value for the PBH
mass fraction to the horizon mass γ = c3

S
= 3−3/2 and the threshold δth = w = 1/3 [52]. The

broad bump on the scalar power causes the large abundance of PBHs around 1020 g, while
the steep amplification on k ∼ 105 Mpc−1 yields a second peak on the PBH mass spectrum
around 6 × 1034 g ∼ 30M⊙ which might be able to explain the LIGO’s GW events (note
that the dashed power spectrum does not show this second peak). For this mass spectrum,
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the total PBH fraction to DM reaches unity, so this is a concrete example where the main
component of DM consists of PBHs, while their small fraction is on ∼ 30M⊙ for LIGO’s
events simultaneously.

Also, following Sec. 4.2.4, we estimate the secondary GW spectrum and plot them in
Fig. 5.4 with several current PTA (European Pulser Timing Array [170], NANOGrav [171],
Parkes Pulsar Timing Array [172]) and future SKA constraints [173, 174]. In spite of the for-
mation of PBHs∼ 30M⊙, the resultant GWmarginally avoids the current constraints, thanks
to the steep fall-off of the scalar power spectrum apart from the maximum point. However
it still depends on the precise value of γ, the fraction of the PBH mass to the horizon mass
at the formation time. Slightly larger γ leads the smaller corresponding scale as Eq. (4.1.26)
indicates, and the peak frequency of the secondary GW is shifted to higher values. Anyway
the model cannot be excluded immediately currently. The blue line shows that the future
SKA experiment can severely constrain the PBH scenario even if one gives up the 30M⊙-
PBH (namely the black dashed line), or might detect GW signals associated with the PBH
formation.





Chapter 6
Case	2: Continuous	Double	Inflation

In this chapter, we consider the PBH formation in the continuous double inflation models,
whose energy scales are not separated and two inflation phases are connected smoothly. Par-
ticularly we focus on the hybrid-inflation-type potential as the simplest example. Around
the critical point of hybrid inflation, the perturbative expansion w.r.t. inflaton fields is bro-
ken down, and therefore we use the non-perturbative method described in Sec. 2.3. After
the numerical parameter searches, we conclude that detectably massive PBHs are inevitably
overproduced in hybrid inflation. In this chapter, we adopt the Planck unit MPl = 1 and
this chapter is based on Ref. [193].

6.1 Aspects	of	hybrid	inflation

In this section, we would like to introduce hybrid inflation and its various aspects. Hybrid
inflation was originally proposed by Linde [194], combining chaotic and hilltop inflation.
The generic form of its potential is given by

V(φ, ψ) = V(φ) + Λ4

[(
1− ψ2

M2

)2

+ 2
φ2ψ2

φ2
c M2

]
, (6.1.1)

where φ and ψ are two real scalar fields and Λ, M, and φc are dimensionful model param-
eters. In this model, the inflationary universe is driven by the false vacuum energy Λ4 of
the so-called waterfall field represented by ψ here, which is stabilized by the coupling to
the inflaton φ at first. Then, at the time when the φ’s vev becomes smaller than φc due to
its own potential V(φ), ψ’s effective mass squared m2

ψ,eff|ψ∼0 = ∂2
ψV|ψ∼0 = 2 Λ4

M2

(
φ2

φ2c
− 1
)

becomes negative and inflation will be terminated by the second order phase transition of
ψ. Hybrid inflation is an attractive model in the point that the initial condition problem is
much improved even though it is small field inflation (namely the scalar fields’ vev do not
exceed the Planck scale).
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The stage before φ reaches φc is called valley phase and the stage after that is referred as
waterfall phase. In the generic parameter regions, the waterfall phase basically ends instanta-
neously and the valley phase should continue more than 60 e-folds, being fully responsible
for the observable universe. Among this type, the original model by Linde where the infla-
ton’s potential is given by the simple mass term predicts blue-tilted curvature perturbations
and is already excluded. The supersymmetric flat inflaton whose potential is raised up log-
arithmically due to the Coleman-Weiberg correction can give a red-tilted spectrum [195],
and moreover, it has been suggested that the additional linear potential from the soft SUSY
breaking can realize nS ∼ 0.96 [196–198], which is in the Planck’s sweet spot [9]. On the
other hand, the literatures [199–203] suggested the possibility of the long-lasting waterfall
phase. In these models, ψ’s potential is so flat that the waterfall phase continues more than
60 e-folds like hilltop inflation.

In this chapter we concentrate on the intermediate case, that is, themild-waterfall mod-
els where the waterfall phase continues more than a few e-folds but less than 60 e-folds. The
attractive point of the mild case is that very massive PBHs can be produced a lot. That is be-
cause the perturbations can growmuch around the phase transition critical point due to the
flatness of the (especially ψ’s) potential and such perturbations will be inflated during the
following mild-waterfall phase. The PBH mass, which can be approximated by the horizon
mass at its formation time, is given by

MPBH ∼ H−1 ∼ H−1
inf e2Nwater ≃ 1.0× 104 g

(
Hinf

109 GeV

)−1
e2Nwater , (6.1.2)

where Nwater represents the e-folding numbers for the waterfall phase, and then the mode
exiting the horizon around the critical point can be written as k ∼ e−Nwaterkf with use of
the horizon scale at the end of inflation kf = (aH)f. In the second approximation, we use
the relation H ∝ (aH)2 in the radiation dominated era. If the waterfall phase continues
sufficiently, the corresponding PBH mass can be detectably large due to the exponential
boost.

To estimate the PBH abundance in such models, one has to calculate the curvature per-
turbations generated around the critical point. Historically García-Bellido et al. [204] gave
a first rough estimation with use of δN formalism. Lyth [205, 206] analytically studied the
growth of the perturbation of ψ and gave a more precise result, but his analysis can be ap-
plied only for a relatively fast waterfall transition. Bugaev and Klimai [207, 208] applied the
Lyth’s result to PBH formation. Sfakianakis et al. [209, 210] used the similar formulation and
found the dependence of the curvature perturbation on the number of the waterfall fields.
Recently Clesse et al. [203, 211] derived the semi-classical formula for the curvature pertur-
bations in the mild-waterfall case, using the stochastic formalism for the initial condition
of ψ at the critical point, and applied it to PBH formation. Their results were qualitatively
correct but not completed yet quantitatively. Also their main conclusions about PBH for-
mation seem to be wrong due to some simple mistakes. In this chapter, with use of the
non-perturbative method described in Sec. 2.3 we proceed the calculation of PBH formation
more precisely, but before that, let us briefly review the Clesse’s works in the next section
for analytic comprehension.
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6.2 Analytic	estimation	of	curvature	perturbation	in	mild-waterfall	case

Let us begin by the potential (6.1.1). Generically the inflaton’s potential V(φ) is an arbitrary
function. However in the case of the mild waterfall, φ’s vev is almost constant around φc
during the last 60 e-folds and therefore one can Taylor expand V(φ) around φc. Namely,
adopting the notation of Ref. [211], we consider the following potential form hereafter:

V(φ, ψ) = Λ4

[(
1− ψ2

M2

)2

+ 2
φ2ψ2

φ2
c M2 +

φ− φc
µ1

− (φ− φc)2

µ2
2

]
. (6.2.1)

This is the most generic hybrid potential for themild-waterfall case. It has five dimensionful
parameters as Λ, M, φc, µ1, and µ2. Among them, two d.o.f. can be fixed by the information
of the amplitude and tilt of the power spectrum of the curvature perturbations on the CMB
scale. In the mild-waterfall case, the CMB scale corresponds with the point in the valley
phase, where the waterfall field is still irrelevant due to its large effective mass. Therefore
the perturbations can be analyzed linearly as the simple single-field slow-roll case. At first
the slow-roll parameters are given by,

ϵV =
1
2

(
Vφ

V

)2
∣∣∣∣∣
φ∼φc,ψ∼0

≃ 1
2µ2

1
, ηV =

Vφφ

V

∣∣∣∣
φ∼φc,ψ∼0

≃ − 2
µ2

2
. (6.2.2)

The spectral index nS is given by

nS = 1− 6ϵV + 2ηV ≃ 1− 4
µ2

2
, (6.2.3)

where we assumed that ηV dominates ϵV (as can be checked easily for specific parameter
regions shown in the following sections), which is the case for small field inflation. From
this relation, with the Planck’s best fit value nS ≃ 0.9655 [9], µ2 should be fixed to

µ2 =
2√

1− nS

≃ 11. (6.2.4)

Also the amplitude of the power spectrum is given by

As =
1

24π2
V
ϵV
≃ Λ4µ2

1
12π2 . (6.2.5)

Again it should be fixed by the Planck’s result As ≃ 2.198× 10−9 [9], which gives the fol-
lowing relation:

Λ4 ≃ 2.198× 10−9 × 12π2µ−2
1 . (6.2.6)

In the following sections, we will fix Λ with this constraint and take M, φc, and µ1 as free
parameters.

At the critical point, ψ can be assumed to have a non-zero vev due to the Hubble fluctu-
ation. Though its expectation value will be given later, let us consider the classical dynamics
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after the critical point from some initial field value (φ, ψ) = (φc, ψ0). The slow-roll EoM at
the leading order is given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

3H2 dφ

dN
= −Vφ ≃ −

Λ4

µ1
− 4Λ4ψ2

M2φ2
c

φ, (6.2.7)

3H2 dψ

dN
= −Vψ ≃ −

4Λ4

M2

(
φ2

φ2
c
− 1
)

ψ, (6.2.8)

3H2 ≃ Λ4. (6.2.9)

Then let us divide the waterfall phase into two stages; in the first phase-1 the second term of
the right side of Eq. (6.2.7) is negligible, while in the phase-2 that term dominates over the
first term. Though we do not describe in detail here, Clesse and García-Bellido showed that
the contributions of the phase-2 for the e-folding number and the curvature perturbation can
be negligible.

In the phase-1, changing the variables as

φ = φceξ ≃ φc(1 + ξ), ψ = ψ0eχ, (6.2.10)

the EoM reads
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

3H2 dξ

dN
≃ − Λ4

µ1φc
, (6.2.11)

3H2 dχ

dN
≃ −8Λ4

M2 ξ. (6.2.12)

Eq. (6.2.11) can be easily solve as

N = −ξµ1φc. (6.2.13)

Substituting it to Eq. (6.2.12), one can obtain the classical trajectory as

ξ2 =
M2

4µ1φc
χ. (6.2.14)

The end of the phase-1 is determined by

Λ4

µ1
=

4Λ4ψ2

M2φ2
c

φ, (6.2.15)

and therefore, approximating φ by φc, the value of χ at the end of the phase-1 is given by

χ2 = log

(
Mφ1/2

c
2µ1/2

1 ψ0

)
. (6.2.16)

With use of this value, the total e-folds for the phase-1 can be written as

N1 =

√
χ2

2
Mφ1/2

c µ1/2
1 . (6.2.17)



6.2. ANALYTIC ESTIMATION OF CURVATURE PERTURBATION IN MILD-… 109

To obtain the curvature perturbation in the δN formalism, one has to calculate the e-
folding number from the arbitrary initial field values (ξi, χi). It can be done as

N1 = −µ1φc(ξ2i − ξi), ξ2i = −

√

−ξ2
i +

M2(χ2 − χi)
4µ1φc

. (6.2.18)

Fluctuating the inflaton fields around the classical trajectory (6.2.14), the difference of the
e-folding number is nothing but the curvature perturbations. The derivatives of N1 w.r.t. φ
and ψ can be obtained by the chain rule as

N1,φ =
∂N1

∂ξi

∂ξi
∂φ

∣∣∣∣
cl
≃ µ1, N1,ψ =

∂N1

∂χi

∂χi
∂ψ

∣∣∣∣
cl
≃ M2

8ξ2ψk
, (6.2.19)

where ψk is the ψ’s value on the classical trajectory at Nk which is the backward e-folds
corresponding with k = aH:

ψk = ψ0eχk , χk =
4φcµ1ξ2

k
M2 , ξk ≃ −

(N1 − Nk)
µ1φc

, (6.2.20)

and ξ2 is the ξ’s value at the end of the phase-1: ξ2
2 = M2χ2/(4µ1φc). Therefore the power

spectrum of the curvature perturbation can be evaluated as

Pζ ≃ (N2
1,φ + N2

1,ψ)

(
H
2π

)2
≃ Λ4M2µ1φc

192π2χ2ψ2
k

, (6.2.21)

where we assumed that N2
1,φ ≪ N2

1,ψ which can be checked for the concrete parameter sets.
Note that this power spectrum has its maximum at the critical point as

Pζ,max =
Λ4M2µ1φc
192π2χ2ψ2

0
. (6.2.22)

Now let us evaluate the initial condition ψ0. It would be approximated by σψ =
√
⟨ψ2⟩

at the critical point, which can be estimated in the stochastic formalism. That is, the differen-
tial equation for ψ2 can be obtained in the stochastic formalism as follows. First the Langevin
equation which ψ follows is mathematically written as (see also Sec. 2.3.1)

dψ = −
Vψ

3H2 dN +
H
2π

dW, (6.2.23)

where W denotes the Brownian motion. In the stochastic calculus, the differential of a func-
tion f is not given by the simple chain rule but written as

d f (N, X(N)) = fN(N, X(N))dN + fX(N, X(N))dX +
1
2

fXX(N, X(N))dXdX, (6.2.24)

which is called the Ito-Doeblin formula (see e.g. the textbook [33]). Also the differential of
the Brownian motion satsfies

dW(N)dW(N) = dN, dNdN = dNdW(N) = 0. (6.2.25)
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With use of these formulae, one can obtain the stochastic differential equation for ψ2 as

d
(
ψ2) = 2ψdψ + dψdψ =

[
16

M2µ1φc
ψ2N +

(
H
2π

)2
]

dN +
H
π

ψdW, (6.2.26)

or one can consider its formal solution:

ψ2 = ψ2
i +

∫ N

Ni

[
16

M2µ1φc
ψ2(N′)N′ +

(
H
2π

)2
]

dN′ +
∫ N

Ni

H
π

ψdW. (6.2.27)

The expectation value of the last term of the right side becomes zero as described in Sec. 2.3.1,
and therefore one obtains the differential equation for ⟨ψ2⟩ as follows.

d ⟨ψ2⟩
dN

=
16

M2µ1φc
⟨ψ2⟩N +

(
H
2π

)2
. (6.2.28)

Its solution is given by

⟨ψ2⟩ = ⟨ψ2⟩ (N = 0) exp
(

AN2

2

)
+

B√
A

exp
(

AN2

2

)√
π

2
erf

(√
AN√

2

)
, (6.2.29)

where

A =
16

M2µ1φc
, B =

(
H
2π

)2
. (6.2.30)

Then we take the origin of N at the critical point and impose the boundary condition as

lim
N→−∞

⟨ψ2⟩ = 0. (6.2.31)

Noting that

erf(x) =
2√
π

∫ x

0
e−t2

dt→ −1, x → −∞, (6.2.32)

One finally obtain the variance of ψ at the critical point as

σ2
ψ = ⟨ψ2⟩ (N = 0) =

√
π

2
B√
A

=
Λ4√2φcµ1M

96π3/2 . (6.2.33)

Therefore, from Eq. (6.2.22), the maximum amplitude of the power spectrum can be approx-
imated by

Pζ,max ≃
Λ4M2φcµ1

192π2χ2σ2
ψ

=
Mφ1/2

c µ1/2
1

2
√

2πχ2
. (6.2.34)

The key point is that both the e-folding numbers for thewaterfall phase Nwater ≃ N1 and
the maximum of the power spectrum Pζ,max depend almost only on the specific parameter
combination Π2 = M2φcµ1, except for the small logarithmic dependence due to χ2. Indeed,
from Eqs. (6.2.17) and (6.2.34), one can find a one-to-onemonotonic increase correspondence
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Figure 6.1. Themean e-folds of thewaterfall phase (left panel) and the variance of their perturbations
(right panel) vs. Π2 = M2φcµ1 for various parameter sets in the searching region (6.3.6). µ1 is varied
for each set of M and φc. There are 12 sets of (M, φc) represented by different markers although they
cannot be distinguished in the figure. 2000 realizations are made for each data point. It is clearly seen
that both ⟨N⟩ and ⟨δN2⟩ depend almost only on Π2 as the semi-classical result suggested. However,
while the semi-classical results (orange dotted lines) are well consistent with the stochastic results
for ⟨N⟩, there are factor differences in ⟨δN2⟩. These plots indicate that Π2 should be less than about
10 to satisfy the PBH constraint ⟨δN2⟩ " 0.01 and it means the waterfall phase cannot continue more
than about 5 e-folds.

between Nwater and Pζ,max. Also let us here estimate the typical value of χ2. Substituting the
initial condition ψ0 = σψ (6.2.33) into Eq. (6.2.16) and using the CMB normalization (6.2.6),1
χ2 can be written as

χ2 = log

((
2
π

)1/4
A−1/2
s Π1/2

)
, Π2 = M2φcµ1, (6.2.35)

where As = 2.198× 10−9. From this expression, it can be seen that χ2 is around 10 for typical
values 10 " Π2 " 1000 in themild-waterfall cases. Therefore, from Eqs. (6.2.17) and (6.2.34),
one obtains the following relation, which hardly depends on any detail parametrization.

Pζ,max ≃
1√

2πχ3
2

Nwater ≃ 0.01Nwater. (6.2.36)

Since the PBH constraints on the curvature perturbations are Pζ " O(0.01) as mentioned, it
can be obviously seen that the PBH overproduction is inevitable in the mild-waterfall cases
such that Nwater ! O(10). In the next section, we will check and clarify this estimation with
use of the stochastic formalism.

6.3 Parameter	search

Though we reviewed the semi-classical result in the previous section, the dynamics of the
waterfall field around the critical point is dominated by the Hubble fluctuations. Therefore
the perturbation theory w.r.t. ψ around the critical point essentially breaks down (cf. [28,
212]). Accordingly we calculate the curvature perturbation in the stochastic-δN formalism

1Even if one does not use the CMB normalization and deal with Λ as a free parameter, χ2 depends on Λ only
logarithmically.
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described in Sec. 2.3 without the perturbative expansions w.r.t. φ and ψ. In this section
we show the numerical results in the wide parameter region and conclude that PBHs are
overproduced in the mild-waterfall cases which is the main claim of this chapter.

6.3.1 Mean	and	variance	of	e-folds

In the stochastic formalism, we concretely consider the following self-closed (except for PφI )
Langevin equations (2.3.7) with the Friedmann constraint.2

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dφI

dN
(N) =

π I

H
(N) + P1/2

φI (N)ξ I(N),

dπ I

dN
(N) = −3π I(N)− VI

H
(N),

VI(N) = VI(φ(N), ψ(N)),

3H2(N) = ∑
i

π2
i

2
+ V(φ(N), ψ(N)),

⟨ξ I(N)⟩ = 0,

⟨ξ I(N)ξ J(N′)⟩ = δI Jδ(N − N′),

(6.3.1)

where the indices I and J denote 1 or 2 and φ1 = φ and φ2 = ψ. Regarding PφI , the mass-
less limit value (H/(2π))2 is often used but here we try to take account of the mass effect.
Concretely speaking, we approximate PφI by the constant mass solution (1.2.47) as

PφI (N) = PφI (k = ϵaH) =
H2

8π
ϵ3|H(1)

νI (ϵ)|2, (6.3.2)

where ϵ≪ 1 is the classicalization parameter which we will fix to 0.01 hereafter and H(1)
ν (x)

is the Hankel function of the first kind defined by

H(1)
ν (x) = Jν(x) + iYν(x), (6.3.3)

with the Bessel functions of the first and second kind, Jν(x) and Yν(x). νI is given by

νI =

√
9
4
− VII

H2 , (6.3.4)

for Vii/H2 ≤ 9/4. For massive fields satisfying Vii/H2 > 9/4, we simply assume that
their Hubble noise vanishes. Since numerical calculations of the Bessel functions are time
consuming, we use the asymptotic forms of them for small arguments as

Jν(x) ≃ 1
Γ(ν + 1)

( x
2

)ν
, Yν(x) ≃ −Γ(ν)

π

(
2
x

)ν

. (6.3.5)

2Here we assume that there is no correlation between the different ξ I . However the correlations between
them due to the interactions well inside the horizon can be also included. In this chapter, we omit them for
simplicity after easily checked that they do not affect the result so much.
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Let us describe the method more concretely. At first, one must determine the initial
flat slice in the valley phase and the final uniform density slice around the end of inflation.
Here, regarding the initial flat slice, inflation at the valley phase can be approximated by
the single-field case and moreover the curvature perturbations are much smaller than those
expected in the waterfall phase. Therefore, neglecting the curvature perturbations, the ini-
tial flat slice can be approximated by the uniform φ slice and the ψ’s field value is almost
irrelevant. Next, making many realizations of the Langevin equations from the initial field
values to the final energy density slice, one can obtain various realizations of the e-folding
numbers. Their deviations from the mean value ⟨N⟩ are nothing but the data set of the cur-
vature perturbations coarse-grained on the horizon scale at the end of inflation. Though the
information of the correlation function like ⟨ζ(x1)ζ(x2)⟩ for x1 ̸= x2 is not obtained at this
stage, at least the probability distribution function of the coarse-grained curvature pertur-
bations can be obtained up to the realization errors. With use of this PDF, one can calculate
the formation rate of PBHs whose masses are larger than the horizon scale at the end of in-
flation. In this section, we briefly estimate the PBH abundance by this quantity and find the
parameter constraints.

For parameter search, we consider the following three searching regions.
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

• 10−4 ≤ M ≤ 10−1, φc =
√

2M, (SUSY like assumption),

• M = 0.1, 10−4 ≤ φc ≤ 10−1,

• 10−4 ≤ M ≤ 10−1, φc = 0.1.

(6.3.6)

µ1 is also varied so thatΠ2 = M2φcµ1 takes the value up to 300. Λ is determined by Eq. (6.2.6)
for each value of µ1. In Fig. 6.1, we plot the mean e-folds for the waterfall phase ⟨Nwater⟩ and
the variance of their perturbations ⟨δN2⟩ = ⟨N2⟩ − ⟨N⟩2 vs. Π2 = M2φcµ1 for various
parameters in the above searching region. µ1 is varied for each parameter set (M, φc). We
also plot the semi-classical results (6.2.17) and (6.2.21) by orange dotted lines. Here note that
the variance and the power spectrum are related by

⟨δN2⟩ ≃
∫ ⟨Nwater⟩

0
Pζ(k)dNk. (6.3.7)

From this figure, it is found that the mean e-folds ⟨N⟩ obtained in the stochastic formalism
is well fitted by the semi-classical result, while there are factor differences in the variance
⟨δN2⟩. It clearly shows the non-perturbative effects which the semi-classical result does not
include. However at least it can be said that the full result of ⟨δN2⟩ also depends only on
the specific parameter combination Π2 = M2φcµ1. Having in mind that the variance of the
curvature perturbations should be roughly less than 10−2 at most not to overproduce PBHs,
it can be seen that Π2 should be less than around 10, which indicates the waterfall phase
cannot continue more than about 5 e-folds.

Here let us mention the ϵ-dependence of the results. The stochastic formalism has an
indeterminate parameter ϵ which fixes the separation between the classical superhorizon
and the quantum subhorizon modes. Since this is just the uncertainty of the formalism, any
result should have little ϵ-dependence for reliable calculations. To see the ϵ-dependence, we
also show ⟨N⟩ and ⟨δN2⟩ for ϵ = 0.1 in Fig. 6.2, comparing them to those for ϵ = 0.01. It
shows that ⟨δN2⟩ has relatively large differences in low Π2, for which the waterfall phase
does not continue so long. That is because, for small ϵ the modes shorter than the coarse-
graining scale k = ϵaH are erased in the stochastic formalism. Specifically, since− log 0.01 ≃
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Figure 6.2. The same plots to Fig. 6.1 for ϵ = 0.1 and 0.01. The orange data are the same ones of
Fig. 6.1. While ⟨Nwater⟩ has good agreement between different ϵ, ⟨δN2⟩ shows a large ϵ-dependence
in low Π2 which indicates that the results in the stochastic formalism for low Π2 might be unreliable.

4.6, the perturbations generated in about last 4.6 e-folds cannot be treated in the calculations
where ϵ = 0.01. Therefore, for low Π2, the contribution of the perturbations after the critical
point cannot be taken into account well in the case of small ϵ, and that is the reason why
⟨δN2⟩ for ϵ = 0.01 is suppressed compared to that for ϵ = 0.1. Anyway the case of low Π2

is slightly out of the range of application of the stochastic formalism, but it does not change
the results for large Π2 and the main conclusion that massive PBHs are overproduced.

6.4 PBH abundance

In this subsection, we estimate the PBH abundance including the non-Gaussian effects. As
described in Chapter 4, the PBH formation rate is given by

β =
∫

ζth
P(ζR)dζR, (6.4.1)

where P(ζR) is the PDF of the coarse-grained curvature perturbation ζR.3 If one assumes
the curvature perturbations follow the Gaussian distribution, β can be easily estimated by

βG =
∫

ζth

1√
2πσ2

R

e−ζ2
R/(2σ2

R)dζR, (6.4.2)

where σ2
R is the variance of the coarse-grained curvature perturbations.

On the left panel of Fig. 6.3, we plot the βG with use of ⟨δN2⟩ shown in Fig. 6.1 as σ2
R

for different two threshold values. One is the simple assumption ζth = 1 and the other is the
recent analytic prediction by Harada et al. [88] ζth = 1

3 log 3(χa−sin χa cos χa)
2 sin3 χa

∣∣∣
χa=π

√
w/(1+3w)

≃

3 As described in Chapter 4, Young et al. [94] claimed that the density perturbation should be used rather than
the curvature perturbation, since the curvature perturbations are undamped quantities even on superhorizon
scales and therefore their variance includes the much superhorizon modes, which should not affect the PBH
formation. However now the power spectrum has a large peak as shown in the next section, and the larger scale
modes than the peak scale are already suppressed. Therefore using the variance of the curvature perturbations
will not overestimate the PBH abundance so much. Since we would like to include the NG effects by the form
of the third and forth moment of the curvature perturbations, namely ⟨δN3

R⟩ and ⟨δN4
R⟩, we used the variance

of the curvature perturbations here.
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Figure 6.3. Left panel: the plot of the PBH abundance in the Gaussian assumption βG (6.4.2) with use
of the variance shown in Fig. 6.1. Namely it includes all contributions of PBHs more massive than
the smallest mass scale H−1

inf which corresponds with the horizon scale at the end of inflation. The
bottom group is for ζth = 1, while the upper group is for ζth = 0.086 [88]. Also the orange dotted
line represents the typical constraints for the light PBHs (" 1015 g), namely β " 10−23. If ζth = 0.086,
there is no appropriate value of Π2 with which PBHs are not overproduced. On the other hand, if
ζth = 1, the PBH constraints indicate Π2 " 8, which means the waterfall phase can continue few
e-folds. Right panel: the same plot with NG corrections (6.4.3). Though the results for ζth = 0.086
are hardly different, the PBH abundance for ζth = 1 is suppressed for low Π2 compared to the value
without NG corrections. Then the constraints are lightly weakened to Π2 " 11 but the duration of
the waterfall phase is still as short as 4–5 e-folds.

●●
●
●

●●●
●●
●●

●
●●
●●
●
●
●
●
●

●●
●
●●

●
●
●

● ●

●

●

●

●

● ●
●

●

●
●

●

●
●

●
●

●

●

● ●

●

●

●

●
●

●

■■
■
■■■■

■■
■■
■■
■
■

■■
■■

■■■
■
■■
■

■
■
■

■

■ ■

■

■
■ ■

■
■ ■ ■ ■

■

■

■

■

■
■

■

■

■
■ ■

■

■ ■

■

◆
◆◆
◆◆◆
◆◆
◆◆◆
◆
◆
◆◆
◆◆
◆
◆
◆◆
◆◆
◆
◆◆

◆◆◆
◆ ◆

◆
◆

◆

◆

◆

◆
◆

◆

◆

◆ ◆
◆ ◆

◆

◆ ◆

◆

◆ ◆

◆

◆

◆

◆
◆

◆

▲▲
▲▲▲▲▲▲
▲
▲▲
▲▲
▲
▲▲
▲▲
▲▲

▲▲
▲▲
▲
▲

▲
▲▲ ▲

▲

▲

▲
▲

▲
▲

▲
▲ ▲ ▲

▲
▲ ▲ ▲ ▲

▲

▲

▲
▲

▲
▲ ▲

▲

▲ ▲
▲

▼
▼▼
▼▼
▼▼▼
▼▼▼
▼▼▼▼
▼▼▼

▼▼
▼
▼

▼▼▼▼
▼

▼

▼
▼

▼

▼

▼ ▼ ▼
▼

▼

▼

▼
▼

▼

▼

▼
▼ ▼

▼ ▼ ▼
▼

▼

▼
▼

▼
▼ ▼

▼

○
○○○○
○
○○○
○

○○○○
○
○
○○
○○
○
○○

○○○
○○

○
○

○ ○ ○
○ ○

○

○

○

○
○

○

○ ○

○

○ ○ ○

○ ○
○

○

○

○ ○ ○
○

□□
□
□
□□□□
□□□
□
□
□

□
□
□□□

□
□
□
□
□□
□
□
□□

□
□

□ □ □ □ □

□

□

□ □
□

□

□
□

□
□

□

□

□

□

□ □ □

□ □
□

◇◇◇
◇
◇◇◇
◇
◇◇◇
◇
◇
◇◇◇
◇

◇
◇◇
◇◇

◇
◇

◇

◇

◇
◇◇

◇
◇

◇ ◇

◇

◇
◇

◇

◇

◇

◇

◇

◇

◇ ◇ ◇
◇

◇
◇

◇
◇ ◇

◇

◇
◇

◇

◇

△
△△
△△△△
△△△△

△△△
△
△△

△△△
△
△
△△△
△△△△

△
△

△

△

△

△

△
△

△
△ △

△

△

△
△

△

△ △
△

△

△
△ △

△

△

△

△

▽▽▽
▽
▽
▽
▽▽▽▽
▽
▽▽▽▽
▽▽
▽
▽▽
▽
▽▽

▽▽
▽▽
▽

▽

▽
▽ ▽

▽ ▽
▽

▽

▽ ▽

▽

▽ ▽

▽

▽ ▽

▽

▽

▽

▽

▽
▽ ▽

▽

▽

▽

▽
▽

●●●
●●●●●
●
●●
●
●
●
●
●
●
●
●●
●●

●●●
●●

●
●

●
●

●
●

●
●

● ●

●

●

●

●

●

●

●

●

● ●
●

●

●
●

●
●

●
●

●

■■■
■
■■■
■
■■■
■
■■

■■
■
■
■
■
■■

■
■

■

■

■■
■

■

■ ■

■

■

■
■

■

■

■
■

■

■

■
■ ■

■
■

■

■
■ ■ ■

■

■ ■ ■

0 50 100 150 200 250 300

0.0

0.5

1.0

1.5

Π2

〈δ
N
3 〉
/〈
δN

2 〉
3/
2

●●●
●●●●●
●●●●●●
●
●●●
●●
●
●●
●●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

● ●

■■
■
■■■■
■■■■■■■
■■■
■■

■■
■
■
■■
■
■
■

■ ■

■ ■

■

■ ■
■

■
■

■

■

■
■

■

■

■

■
■

■

■

■

■
■

■

■
■

■

◆◆◆◆◆◆◆◆◆◆◆◆
◆
◆◆
◆◆
◆
◆◆◆
◆◆
◆◆◆

◆
◆◆

◆ ◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆

◆ ◆

◆

◆
◆

◆

◆

◆

◆

◆

◆

▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲
▲▲▲▲
▲▲
▲▲
▲▲

▲
▲
▲ ▲

▲

▲

▲
▲

▲

▲

▲

▲
▲ ▲

▲

▲ ▲ ▲

▲

▲

▲

▲

▲

▲

▲
▲

▲

▲ ▲

▲

▼▼▼▼▼▼▼▼
▼▼
▼▼▼▼▼
▼▼▼
▼▼
▼▼

▼
▼▼
▼
▼

▼

▼

▼

▼

▼

▼
▼ ▼

▼

▼

▼

▼

▼
▼

▼

▼

▼
▼

▼
▼

▼

▼
▼

▼

▼

▼
▼

▼
▼

○○
○○○○○○○○○○○○○○

○
○
○
○○
○○

○○○
○
○

○

○

○ ○
○

○
○

○

○

○

○

○

○

○ ○

○

○
○ ○

○
○

○

○

○

○

○ ○

○

□□□
□
□□□□
□□□□
□□□
□□□□
□□
□
□□□

□
□□
□ □ □

□
□

□

□
□ □

□

□ □

□

□

□
□

□

□ □

□

□

□

□ □ □

□ □
□

◇◇◇◇◇◇◇◇◇◇◇◇◇◇
◇◇◇◇
◇◇
◇◇

◇
◇
◇
◇

◇
◇◇

◇

◇

◇

◇

◇

◇

◇

◇

◇

◇

◇

◇

◇

◇ ◇
◇ ◇

◇

◇

◇

◇ ◇

◇

◇

◇
◇

◇

△△△△△△△△△△△△△△△△△
△△△
△
△
△△△
△△
△

△

△
△

△

△

△

△

△

△

△

△ △ △

△

△

△

△

△
△

△

△

△ △ △ △

△ △

△

▽▽▽▽
▽▽▽▽▽▽▽▽▽▽▽
▽▽
▽▽▽

▽▽▽

▽
▽

▽▽
▽

▽

▽

▽
▽
▽
▽

▽

▽

▽ ▽
▽

▽
▽

▽

▽
▽

▽

▽

▽

▽

▽

▽

▽

▽

▽

▽

▽ ▽

●
●●●●●●●●●●●

●●●
●●
●●
●
●●

●●●
●●

●
●

●

● ● ●
● ●

●
●

●

●

●

●

●

●

●

●

● ● ●

●

●

● ●

●

●

● ●

■■■■■■■■■■■■■■
■■■■
■
■
■■

■■
■
■

■
■■

■

■ ■

■

■

■

■

■

■

■

■

■

■

■ ■

■ ■
■

■

■

■

■

■

■

■ ■
■

0 50 100 150 200 250 300
-1
0
1
2
3
4
5
6

Π2

〈 δ
N
4 〉
c/
〈δ
N
2 〉
2

Figure 6.4. The skeness S(3) = ⟨δN3⟩ / ⟨δN2⟩3/2 andkurtosis S(4) = ⟨δN4⟩c / ⟨δN2⟩2 where ⟨δN4⟩c =
⟨δN4⟩ − 3 ⟨δN2⟩2 is a connected part of the forthmoment. It clearly indicates the non-negligibleO(1)
NG.

0.086. Also we show the typical constraints for light PBHs βG ∼ 10−23 as an indicator.4
The figure shows Π2 should be less than around 8 for the case ζth = 1, which means the
waterfall phase can continue few e-folds. Also there is almost no proper parameter set with
which PBHs are not overproduced for ζth = 0.086.

However the curvature perturbations produced around the critical point are naively
thought to have NG as indicated by its non-perturbativity. In Fig. 6.4, we show the skew-
ness S(3) = ⟨δN3⟩ / ⟨δN2⟩3/2 and kurtosis S(4) = ⟨δN4⟩c / ⟨δN2⟩2 where ⟨δN4⟩c = ⟨δN4⟩ −
3 ⟨δN2⟩2 is a connected part of the forth moment. These values vanish in a pure Gaussian

4Though we want massive PBHs ! 1015 g, we will find such massive ones cannot be produced with proper
abundance in hybrid inflation and then we used the constraints for light PBHs " 1015 g.
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case, therefore non-zero values of them directly indicate the NG of the curvature perturba-
tions. Indeed these plots show non-negligible O(1) NG.

These NG modifies the PDF of the curvature perturbations and then β is given by

βNG =
1√
2π

∫

ν
dα exp

[

∑
n=3

(−1)n

n!
S(n) ∂n

∂αn

]
exp

[
−α2

2

]

≃ 1√
2π

1
ν

exp

[
4

∑
n=3

νn

n!
S(n)

]
e−ν2/2, (6.4.3)

where ν = ζth/σR and we used the high peak limit ν ≫ 1 in the second line. Though we
truncated them here, it is possible to include the higher order terms than forth order (see
also Appendix K of Ref. [213]). This modified probability is plotted on the right panel of
Fig. 6.3. Compared to the Gaussian case (left panel), it can be seen that the probability for
small Π2 is suppressed for ζc, while the result for ζth = 0.086 hardly changes. As a result,
the constraint for Π2 in the ζth = 1 case is weakened to Π2 " 11, which corresponds with
⟨Nwater⟩ " 4.

Let us briefly summarize the above results here. We calculated e-folds numerically
in the stochastic formalism and checked that the mean e-folds for the waterfall phase and
their variance depend almost only on some specific parameter combination Π2 = M2φcµ1.
However simultaneously it was found that the variance of the perturbations becomes large
for mild-waterfall hybrid inflation. In fact, if ζth = 0.086 [88], there is no parameter region
where PBHs are not overproduced. Only if the PBHmass is lighter than 109 g, the constraint
can be avoided because such PBHs are evaporated before the BBNphase. On the other hand,
if the threshold is as high as ζth = 1, the PBH constraints are roughly given by Π2 " 8 (or
11 with NG corrections), which means the waterfall phase can continue few e-folds. It is too
short to produce PBHs massive enough to be DMs or seeds of SMBHs for example. This is
the main result of this chapter.

Here note that the coarse-graining scale is the horizon scale at the endof inflation, which
is the smallest one, and therefore β shown in this section includes all contributions of various
mass PBHs. However, as wewill show in the next section, the power spectrumhas large and
only one peak and the main contribution for β is given almost only by the PBHs whose mass
corresponds with the peak scale. Hence the resulting β for peak scale can be approximated
well by that obtained in this section.

6.5 Examples	of	power	spectrum

In the previous section, we estimated the PBH abundances with use of the curvature per-
turbations coarse-grained on the horizon scale at the end of inflation. For them to be a good
approximation, it is needed that the power spectrum has only one large peak. Moreover it
is still unknown where the peak scale is. To clarify them, we show some examples of the
power spectra with use of the stochastic-δN formalism described in Sec. 2.3.

Let us briefly review the algorithm here again.

1. Determine the initial field value fromwhich the mean e-folds is about 60. It represents
the field value of our observable universe at 60 e-folds before the end of inflation. In the
mild-waterfall case we consider here, this initial field value correspondswith the point
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Figure 6.5. The power spectra calculated in the stochastic-δN formalism. The thick lines with error
bars represent the results for ϵ = 0.01, while the plane and dotted lines denote those for ϵ = 0.1 and
the semi-classical approximation respectively. For ϵ = 0.1, we omit the error bars to avoid a busy
figure. The color variation represents the difference of Π2, but M and φc are fixed to 0.1 and 0.1

√
2.

Each power spectrum is averaged over 2500 sample paths and on each data point 1000 paths are
made for each sample path. The error bars represent the standard errors. The horizontal axis shows
the corresponding scale including − log ϵ to cancel the scale shift due to the variation of ϵ. From left
to right, the vertical gray dotted lines represent the times when the paths pass the critical point for
Π2 = 10, 30, and 50. It suggests that the power spectrum has a peak slightly after the critical point,
which reflects that the ψ’s noise itself becomes large after the critical point due to its tachyonic mass.

in the valley phase where the ψ’s vev is almost irrelevant to the inflation dynamics and
φ is the only relevant field. Therefore the initial condition can be determined almost
uniquely, which assures the validity of the prediction of the curvature perturbations
in this model.

2. Make one sample path (sample field trajectory including noise) by integrating the
Langevin Eqs. (6.3.1) and (6.3.2) from the above initial field value. It represents the
dynamics of some Hubble patch in our observable universe.

3. Produce various realizations (trajectories) branching from some point on the above
sample path and calculate the e-folds for them to the final uniformdensity slice around
the end of inflation. They give the mean and variance of the e-folds, referred as ⟨N1⟩
and ⟨δN2

1 ⟩ here. The produced realizations show the dynamics of various Hubble
patches separated from the sample patch made in process 2 by about ϵ−1H−1

f e⟨N1⟩ at
the end of inflation.

4. Repeat the procedure 3with slightly different branchingpoint on the same sample path
to obtain another set of the mean and variance ⟨N2⟩ and ⟨δN2

2 ⟩. Then the difference
between ⟨δN2

1 ⟩ and ⟨δN2
2 ⟩ indicates the perturbation on the scale k ≃ kfe−(⟨N1⟩+⟨N2⟩)/2,
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that is,

Pζ(k) ≃
⟨δN2

1 ⟩ − ⟨δN2
2 ⟩

⟨N1⟩ − ⟨N2⟩
, for k ≃ kf e−(⟨N1⟩+⟨N2⟩)/2. (6.5.1)

Note that this power spectrum is valid only in the local patch ϵ−1H−1
f e((⟨N1⟩+⟨N2⟩)/2

around the sample patch produced in process 2, while we want the power spectrum
averaged over our observable universe.

5. To obtain such a power spectrum averaged over our universe, iterate the procedure
2–4 and average the obtained power spectra. This averaged one represents the true
power spectrum obtained in our observable universe.

With use of the above algorithm, we calculate and plot the resultant power spectra for
Π2 = 10, 30, and 50 in Fig. 6.5, compared to those for ϵ = 0.1 and the semi-classical results.
While they are not so different for Π2 = 30 or 50, the peak for ϵ = 0.01 is much smaller than
that for ϵ = 0.1 or the semi-classical one for Π2 = 10. This is because − log 0.01 ≃ 4.61 is
larger than the peak e-folds Npeak ∼ 4, and therefore the peak scale is smaller than (ϵaH|f)−1

for ϵ = 0.01, which is the smallest scale the stochastic formalism can treat. Therefore the
result for low Π2 around 10 may be unreliable, but anyway the corresponding PBH mass
MPBH ∼ H−1

inf e2×4 = 3.0 × 107 g
(

109 GeV
Hinf

)
is still too small and our main conclusion that

massive PBHs are overproduced in hybrid inflation is not changed.



Conclusions

In this thesis, we discuss the perturbation theory in inflation as well as the primordial black
hole formation and its phenomenology. Part I is devoted to the inflationary perturbation
theory, and we discuss the primordial black hole in Part II.

In Chapter 1, we review the linear perturbation theory of cosmology, particularly fo-
cusing on the perturbation in inflation. In particular, we summarize the most generic linear
order formulation of the inflationary perturbations in Sec. 1.2.1, which we use for the calcu-
lation in Chapter 5. In Chapter 2, we discuss the formulation beyond the linear perturbation
theory with use of the properties of the superhorizon modes. In Sec. 2.3, we derive the non-
perturbative algorithm called stochastic-δN formalism for the power spectrum of the curva-
ture perturbations. Also we introduce several analytic comprehensions for this algorithm
in Sec. 2.3.1. In Chapter 3, we show the calculation algorithm of the squeezed bispectrum in
the δN formalism, focusing on the so-called local observer effect. Our algorithm can directly
give the bispectrum seen by a local observer.

In Chapter 4, we review the basics of the primordial black hole as well as the current
situations of the research of PBH. The current PBH constraints are summarized in Figs. 4.1
and 4.2, and corresponding upper bounds on the power spectrum of the primordial curva-
ture perturbations are shown in Fig. 4.3. Related with this, the constraints on the curvature
perturbations by the pulsar timing arrays and CMB µ-distortion are discussed in Secs. 4.2.4
and 4.2.5. Particularly, the current constraints on the gravitational waves by PTA are sum-
marized in Fig. 4.5. We further discuss the PBH formation in two classes of inflation in
Chapters 5 and 6. In Chapter 5, we consider the chaotic-new double inflation model as
an example of double inflation whose energy scales are separated. In this model, both the
PBH-DM scenario and PBHs for LIGO-events can be realized simultaneously. The resultant
power spectrum of the curvature perturbations and the mass spectrum of PBHs are shown
in Figs. 5.2 and 5.3. The expected secondary GWs are marginally consistent with the current
PTA constraints as shown in Fig. 5.4. On the other hand, we consider the hybrid-type infla-
tion as an example of the continuous double inflation models whose energy scales are not
separated. With use of the stochastic formalism, we conclude that detectably massive PBHs
cannot be obtained in the proper abundance but rather they are inevitably overproduced in
hybrid inflation. The specific examples of the power spectra of the curvature perturbations
calculated in the stochastic-δN formalism are shown in Fig. 6.5.

Beyond the two point function, the development of robust techniques for computing
e.g. the bispectrum is required, following the prospects of future galaxy surveys for non-
Gaussianity measurements. We are now working on the extension of the stochastic-δN for-
malism to the squeezed bispectrum as brieflymentioned in Sec. 3.5. Also further research on
the PBH formation in separated double inflation models are important as well as the more
precise understanding of the observational PBH constraints since recent remarkable devel-
opment on observational instruments allows us to significantly close in on the scenario of
PBH-DM. We leave these topics for future works.
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Appendix A
Explicit	Formulae	for	Linear	Perturbation

In this section, we summarize several explicit formulae for the linear perturbations which
are required to derive the field equations and so on. We basically follow Ref. [16].

Before the linear perturbations, let us list the background quantities. The background
metric is given by the FLRW one as

ḡ00 = −1, ḡ0i = ḡi0 = 0, ḡij = a2(t)δij. (A.0.1)

For this metric, the affine connection defined by

Γµ
νκ =

1
2

gµλ

[
∂gλν

∂xκ
+

∂gλκ

∂xν
− ∂gνκ

∂xλ

]
, (A.0.2)

reads

Γ̄i
j0 = Γ̄i

0j =
ȧ
a

δij, Γ̄0
ij = aȧδij, (otherwise) = 0. (A.0.3)

The Ricci tensor is defined by

Rµν =
∂Γλ

µλ

∂xν
−

∂Γλ
µν

∂xλ
+ Γκ

µλΓλ
νκ − Γκ

µνΓλ
λκ, (A.0.4)

and their background values are

R̄00 = 3
ä
a

, R̄ij = −(2ȧ2 + aä)δij, (otherwise) = 0. (A.0.5)

The unperturbed energy-momentum tensor should be the formof the perfect fluid from
the assumption of the rotational and translational invariance as

T̄µν = p̄ḡµν + ( p̄ + ρ̄)ūµūν. (A.0.6)
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ρ̄(t), p̄(t), and ūµ are the unperturbed energy density, pressure, and velocity four-vector
respectively, with ū0 = 1, and ūi = 0. From the Friedmann equation (0.2.3) and the equation
of acceleration (0.2.4), ρ̄ and p̄ satisfy

ρ̄ = 3M2
Pl

ȧ2

a2 , p̄ = −M2
Pl

(
2ä
a
+

ȧ2

a2

)
. (A.0.7)

Therefore the trace of the unperturbed energy-momentum tensor is given by

T̄λ
λ = 3p̄− ρ̄ = −6M2

Pl

(
ä
a
+

ȧ2

a2

)
. (A.0.8)

Then let us consider the linear perturbations of the metric and energy-momentum ten-
sor:

hµν = gµν − ḡµν, δTµν = Tµν − T̄µν. (A.0.9)

First, at the leading order of them, the perturbation of the inverse metric is given by

hµν = gµν − ḡµν = −ḡµρ ḡνσhρσ, (A.0.10)

contrary to the standard raising and lowering of indices. The liner perturbations of the affine
connection are given by

δΓµ
νλ =

1
2

ḡµρ[−2hρσΓ̄σ
νλ + ∂λhρν + ∂νhρλ − ∂ρhλν], (A.0.11)

whose explicit expressions read

δΓi
jk =

1
2a2 (−2aȧhi0δjk + ∂khij + ∂jhik − ∂ihjk), (A.0.12)

δΓi
j0 =

1
2a2

(
−2ȧ

a
hij + ḣij + ∂jhi0 − ∂ihj0

)
, (A.0.13)

δΓ0
ij =

1
2
(2aȧδijh00 − ∂jhi0 − ∂ihj0 + ḣij), (A.0.14)

δΓi
00 =

1
2a2 (2ḣi0 − ∂ih00), (A.0.15)

δΓ0
i0 =

ȧ
a

hi0 −
1
2

∂ih00, (A.0.16)

δΓ0
00 = −1

2
ḣ00. (A.0.17)

In particular, we will need

δΓλ
λµ = ∂µ

[
1

2a2 hii −
1
2

h00

]
, (A.0.18)

for the calculation of the Ricci tensor. The perturbations of the Ricci tensor is expressed as

δRµκ =
∂δΓλ

µλ

∂xκ
−

∂δΓλ
µκ

∂xλ
+ δΓη

µνΓ̄ν
κη + δΓν

κη Γ̄η
µν − δΓη

µκ Γ̄ν
νη − δΓν

νη Γ̄η
µκ, (A.0.19)
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or in more detail,

δRjk =−
1
2

∂j∂kh00 − (2ȧ2 + aä)δjkh00 −
1
2

aȧδjkḣ00

+
1

2a2 (∇
2hjk − ∂i∂jhik − ∂i∂khij + ∂j∂khii)

− 1
2

ḧjk +
ȧ

2a
(ḣjk − δjkḣii) +

ȧ2

a2 (−2hjk + δjkhii) +
ȧ
a

δjk∂ihi0

+
1
2
(∂j ḣk0 + ∂kḣj0) +

ȧ
2a

(∂jhk0 + ∂khj0), (A.0.20)

δR0j =δRj0 =
ȧ
a

∂jh00 +
1

2a2 (∇
2hj0 − ∂j∂ihi0)−

(
ä
a
+

2ȧ2

a2

)
hj0

+
1
2

∂

∂t

[
1
a2 (∂jhkk − ∂khkj)

]
,

δR00 =
1

2a2∇
2h00 +

3ȧ
2a

ḣ00 −
1
a2 ∂i ḣi0

+
1

2a2

[
ḧii −

2ȧ
a

ḣii + 2
(

ȧ2

a2 −
ä
a

)
hii

]
. (A.0.21)

To obtain the linear perturbations of the Einstein equations, we need the perturbation
of the source tensor

Sµν = Tµν −
1
2

gµνTλ
λ. (A.0.22)

Its perturbation is formally given by

δSµν = δTµν −
1
2

ḡµνδTλ
λ −

1
2

hµνT̄λ
λ. (A.0.23)

With use of the trace of the background energy-momentum tensor (A.0.8), one obtains the
explicit components of them as

δSjk = δTjk −
a2

2
δjkδTλ

λ + 3M2
Pl

(
ä
a
+

ȧ2

a2

)
hjk, (A.0.24)

δSj0 = δTj0 + 3M2
Pl

(
ä
a
+

ȧ2

a2

)
hj0, (A.0.25)

δS00 = δT00 +
1
2

δTλ
λ + 3M2

Pl

(
ä
a
+

ȧ2

a2

)
h00. (A.0.26)

Then, substituting these expressions into the perturbed Einstein equation

δRµν = −M−2
Pl δSµν, (A.0.27)

the explicit linear EoM (1.1.11)–(1.1.13) are obtained.
The conservation law is derived by

0 = Tµ
ν;µ = ∂µTµ

ν + Γµ
µλTλ

ν − Γλ
µνTµ

λ. (A.0.28)
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At the zeroth order, only the temporal component ν = 0 is non-trivial and it gives the con-
tinuity equation:

˙̄ρ + 3
ȧ
a
(ρ̄ + p̄) = 0. (A.0.29)

The linear perturbation of the conservation law reads

∂µδTµ
ν + Γ̄µ

µλδTλ
ν − Γ̄λ

µνδTµ
λ + δΓµ

µλT̄λ
ν − δΓλ

µνT̄µ
λ = 0. (A.0.30)

Its temporal and spatial components give the energy and momentum conservations (1.1.14)
and (1.1.15).

Finally, after the decomposition of δTµν (1.1.24)–(1.1.26), their mixed indices version
will be useful to obtain the conservation laws (1.1.32), (1.1.33), and (1.1.36).

δTi
j = δijδp + ∂i∂jπ

S + ∂iπ
V
j + ∂jπ

V
i + πT

ij, (A.0.31)
δTi

0 = a−2(ρ̄ + p̄)(a∂iF + aGi − ∂iδu− δuV
i ), (A.0.32)

δT0
i = (ρ̄ + p̄)(∂iδu + δuV

i ), (A.0.33)
δT0

0 = −δρ, (A.0.34)
δTλ

λ = 3δp− δρ +∇2πS. (A.0.35)

Let us also show the concrete expressions of their gauge transformation (1.1.41) and
(1.1.42):

∆hij = −
∂ϵi

∂xj −
∂ϵj

∂xi + 2aȧδijϵ0, (A.0.36)

∆hi0 = −∂ϵi
∂t
− ∂ϵ0

∂xi + 2
ȧ
a

ϵi, (A.0.37)

∆h00 = −2
∂ϵ0

∂t
(A.0.38)

∆δTij = − p̄
(

∂ϵi

∂xj +
∂ϵj

∂xi

)
+

∂

∂t
(a2 p̄)δijϵ0, (A.0.39)

∆δTi0 = − p̄
∂ϵi
∂t

+ ρ̄
∂ϵ0

∂xi + 2p̄
ȧ
a

ϵi, (A.0.40)

∆δT00 = 2ρ̄
∂ϵ0

∂t
+ ˙̄ρϵ0. (A.0.41)

Note that indices are raised or lowered by the unperturbed metric ḡµν at the linear order,
and therefore ϵ0 = −ϵ0 and ϵi = a2ϵi for example.

A.1 Scalar	theory

Here let us show the concrete expressions of the components of the energy-momentum ten-
sor for the generic scalar-field theory:

S =
∫

d4x
√
−g
[
−1

2
gµνγnm(φ)∂µφn∂νφm −V(φ)

]
. (A.1.1)
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The energy-momentum tensor for this action can be calculated from

Tµν = − 2√−g
δS

δgµν = gµν

[
−1

2
gρσγnm(φ)∂ρφn∂σφm −V(φ)

]
+ γnm(φ)∂µφn∂νφm, (A.1.2)

The unperturbed energy-momentum tensor takes the perfect fluid form with unper-
turbed energy density, pressure, and velocity as

ρ̄ =
1
2

γnm(φ̄) ˙̄φn ˙̄φm + V(φ̄), (A.1.3)

p̄ =
1
2

γnm(φ̄) ˙̄φn ˙̄φm −V(φ̄), (A.1.4)

ū0 = 1, ūi = 0. (A.1.5)

On the other hand, comparing the first order terms in Eq. (A.1.2) with the definition of the
perturbations to the energy-momentum tensor (1.1.24)–(1.1.26), one can see that the pertur-
bations to the energy density, pressure, and velocity potential are

δρ = γnm(φ̄) ˙̄φnδφ̇m +
1
2

˙̄φn ˙̄φm ∂γnm(φ̄)

∂φ̄k δφk + Vn(φ̄)δφn +
1
2

h00γnm(φ̄) ˙̄φn ˙̄φm, (A.1.6)

δp = γnm(φ̄) ˙̄φnδφ̇m +
1
2

˙̄φn ˙̄φm ∂γnm(φ̄)

∂φ̄k δφk −Vn(φ̄)δφn +
1
2

h00γnm(φ̄) ˙̄φn ˙̄φm, (A.1.7)

δu = −γmn(φ̄) ˙̄φnδφm

γkl(φ̄) ˙̄φk ˙̄φl
, (A.1.8)

and the anisotropic inertia vanishes.





Appendix B
Influence	Action

In Sec. 2.2, we briefly describe the derivation of the EoM in the stochastic formalismwith use
of the closed time path formulation. There, the white noise term of the EoM for the inflaton’s
superhorizon modes comes from the effective action after integrating out the subhorizon
modes. In this section, let us show amore detailed derivation of the influence action (2.2.14)
which gives the noise term, following Ref. [27].

First, the second order action for the inflaton field up to the mass term can be simply
written as

S[φ] =
∫

d4x
1
2

φΛ̃φ, (B.0.1)

where Λ̃ stands for the following derivative operator

Λ̃ = −a3(t)
[

∂2
t + 3H∂t −

∇2

a2(t)
+ m2

]
. (B.0.2)

Therefore the influence functional (2.2.10) is, up to the mass term,

F[φIR; JUV]

=
∫

Dφ±
UV exp

[
i
∫

d4xd4y
(

1
2

φa
UV(x)Λab(x, y)φb

UV(y) + ϕa(x)Λab(x, y)φb
UV(y) + JUV,aφa

UV

)]

=
∫

Dφ±
UV exp

[
i
(

1
2

φUVΛφUV + ϕΛφUV + JUV · φUV

)]
, (B.0.3)

where the indices a and b denote the time path label + or −, and Λab(x, y) is defined by

Λab(x, y) =
(

Λ̃x 0
0 −Λ̃x

)
δ(4)(x− y). (B.0.4)

The subscript x of Λ̃x represents that its derivatives are done w.r.t. x. We simplify the
expression of the second line of Eq. (B.0.3) as its third line in the matrix form.
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Then, substituting 1 = ΛΛ−1 and integrating by parts, one obtains

F[ϕ; JUV] =
∫

Dφ±
UV exp

[
i
(

1
2

φUV
−→
Λ Λ−1←−Λ φUV + ϕ

−→
Λ Λ−1←−Λ φUV + JUV · φUV

)]
, (B.0.5)

where over-arrows indicate the directions of derivative operations. Here let us explicitly
show the spacetime arguments. For example, the first term can be written as

φUV(x1)
−→
Λ (x1, x2)Λ−1(x2, x3)

←−
Λ (x3, x4)φUV(x4). (B.0.6)

The derivatives in Λ are w.r.t. its first argument, and therefore neither φUV(x1) nor φUV(x4)

is differentiated. Namely, −→Λ Λ−1←−Λ is simply c-number. Then the integration of Eq. (B.0.5)
can be done as the Gaussian integration and one obtains

F[ϕ; JUV] = N exp
[
−i

1
2

ϕ
−→
Λ Λ−1←−Λ ϕ− ϕ · JUV −

1
2

JUV
(−→

Λ Λ−1←−Λ
)−1

JUV
]

, (B.0.7)

where N is the normalization factor independent of ϕ. Here, since JUV is defined to be
orthogonal to the IR mode ϕ, the second term vanishes. The third term simply gives the
effective action for ⟨φUV⟩ after the Legendre transformation, which does not affect the IR
part. Therefore the influence action can be given by

S(1)
IA = −1

2
ϕ
−→
Λ Λ−1←−Λ ϕ. (B.0.8)

Now let us note that the inverse of the derivative operator can be given by the φ’s
propagator, that is, the time-ordered two point function:

iΛ̃−1(x, y) = ⟨T(φUV(x)φUV(y))⟩
= θ(x0 − y0) ⟨φUV(x)φUV(y)⟩+ θ(y0 − x0) ⟨φUV(y)φUV(x)⟩ . (B.0.9)

Since we consider the closed time path here, the inverse of the matrix derivative operator
also can be obtained as its extension if one takes the time ordering alongwith the closed time
path, that is, such time ordering TC is defined by

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

TC(φ+(x)φ+(y)) = T(φ(x)φ(y)),

TC(φ−(x)φ−(y)) = T̄(φ(x)φ(y)),

TC(φ+(x)φ−(y)) = φ(y)φ(x),

TC(φ−(x)φ+(y)) = φ(x)φ(y),

(B.0.10)

where T̄ is the inverse time ordering. Inspired by these expressions, one can find

i(Λ−1)ab(x, y) =
(
⟨T(φUV(x)φUV(t))⟩ ⟨φUV(y)φUV(x)⟩
⟨φUV(x)φUV(y)⟩ ⟨T̄(φUV(x)φUV(y))⟩

)
. (B.0.11)

Then with use of the definition of the UV mode:

φUV(x) =
∫ d3k

(2π)3 W(k, t)φkeik·x, (B.0.12)
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whereW(k, t) is somewindow function, the Fourier expression of the influence action reads

S(1)
IA =

i
2

∫
dtdt′

∫ d3k
(2π)3

d3q
(2π)3 ϕ−k(t)

−→
Λ k(t)W(k, t)

×
(
⟨T(φ̂k(t)φ̂q(t′))⟩ ⟨φ̂q(t′)φ̂k(t)⟩
⟨φ̂k(t)φ̂q(t′)⟩ ⟨T̄(φ̂k(t)φ̂q(t′))⟩

)
W(q, t′)

←−
Λ q(t′)ϕ−q(t′). (B.0.13)

Note that the IR mode ϕ and the window W are orthogonal in the limit of W → θ(k− ϵaH).
Therefore the time derivative of Λ should be operated to W at least once, and otherwise it
vanishes. Hence the non-zero contributions can be written as

S(1)
IA =

i
2

∫
dtdt′

∫ d3k
(2π)3

d3q
(2π)3 a3(t)ϕ−k(t)

−→
P tσ3

×
(
⟨T(φ̂k(t)φ̂q(t′))⟩ ⟨φ̂q(t′)φ̂k(t)⟩
⟨φ̂k(t)φ̂q(t′)⟩ ⟨T̄(φ̂k(t)φ̂q(t′))⟩

)
σ3
←−
P t′a3(t′)ϕ−q(t′), (B.0.14)

where σ3 is the third Pauli matrix:

σ3 =

(
1 0
0 1

)
, (B.0.15)

and Pt is a derivative operator defined by

Pt =
[
Ẅ(k, t) + 3HẆ(k, t) + 2Ẇ(k, t)∂t

]
. (B.0.16)

Finally, after a short calculation with the definition of the mode function

φ̂k = φk(t)âk + φ∗k (t)â†
−k, (B.0.17)

one obtains the expression (2.2.14):

S(1)
IA =

i
2

∫
d4xd4x′ϕq(x)Re[Π(x, x′)]ϕq(x′)

− 2
∫

d4xd4x′θ(t− t′)ϕq(x)Im[Π(x, x′)]ϕc(x′), (B.0.18)

Π(x, x′) =
∫ d3k

(2π)3 a3(t)[Ptφk(t)]eik·xa3(t′)[Pt′φ
∗
k(t
′)]e−ik·x′ . (B.0.19)





Appendix C
Additive	Separable	Potential

In Sec. 3.3.2, we have explained how the squeezed fNL(kL, kS) can be computed in generic
multi-field models of inflation. In the limit where the two scales are equal, kL = kS, analytic
formulae were provided. For the generic case kL < kS however, one has to resort to numer-
ical techniques in order to compute the correlators ⟨δNLPζ(kS)⟩. In this appendix, we detail
the computational program one has to follow for a concrete class of models. Generalization
to other models than that presented here can be done along the same lines. We focus on the
backward formulation, while the calculations in the forward formulation are briefly men-
tioned in a footnote. Here we adopt the Planck unit MPl = 1 and this appendix is based on
Ref. [34].

Let us consider the case of a two-field additive separable potential

V(φ, ψ) = U(φ) + W(ψ). (C.0.1)

The two fields φ and ψ are assumed to be slowly rolling during inflation, and evolve accord-
ing to

dφ

dN
= −U′

V
,

dψ

dN
= −W ′

V
. (C.0.2)

Additive separable potentials are convenient to work with since the following two formula
can be derived. First, there is an integral of motion [48]

K(φ, ψ) =
∫ φ dφ̃

U′(φ̃)
−
∫ ψ dψ̃

W ′(ψ̃)
, (C.0.3)

which allows us to label different slow-roll trajectories. Indeed, if one differentiates K w.r.t.
N and making use of Eq. (C.0.2), one can readily show that K is a constant. Second, if
two points M1(φ1, ψ1) and M2(φ2, ψ2) are on the same attractor trajectory (that is to say,
K(φ1, ψ1) = K(φ2, ψ2)), the e-folding number realized between M1 and M2 is given by [49]

NM1 M2 = −
∫ φ2

φ1

U
U′

dφ−
∫ ψ2

ψ1

W
W ′

dψ. (C.0.4)
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Let us now fix the three label lines ρ = ρc, N→c = NS, and N→c = NL as in Fig. 3.2. Let
Ain(φ, ψ) be a free point in the field space, and B and C the points associated to Ain according
to Fig. 3.2. Let us calculate the derivatives of the coordinates of B and C and of N = NAC
w.r.t. φ and ψ. These will be useful to calculate fNL.

The values of φC and ψC are the same for all the points belonging to the same slow-roll
trajectory, hence they depend only on K. One then has

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂φC
∂φ

=
∂K
∂φ

dφC
dK

,
∂φC
∂ψ

=
∂K
∂ψ

dφC
dK

,

∂ψC
∂φ

=
∂K
∂φ

dψC
dK

,
∂ψC
∂ψ

=
∂K
∂ψ

dψC
dK

,
(C.0.5)

where, differentiating Eq. (C.0.3), one has ∂K/∂φ = 1/U′(φ) and ∂K/∂ψ = −1/W ′(ψ). Dif-
ferentiating the condition U(φC) +W(ψC) = ρc, one also has U′CdφC/dK +W ′CdψC/dK = 0.
One the other hand, differentiating K(φC, ψC) given in Eq. (C.0.3) w.r.t. K, one has 1 =
(dφC/dK)/U′C − (dψC/dK)/W ′C. These two relations give rise to

dφC
dK

=
1

U′C

(
1

U′C
2 +

1
W ′C

2

)−1

,
dψC
dK

= − 1
W ′C

(
1

U′C
2 +

1
W ′C

2

)−1

. (C.0.6)

Combining these results, one obtains
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂φC
∂φ

=
1

U′(φ)
U′CW ′C

2

U′C
2 + W ′C

2 ,
∂φC
∂ψ

= − 1
W ′(ψ)

U′CW ′C
2

U′C
2 + W ′C

2 ,

∂ψC
∂φ

= − 1
U′(φ)

U′C
2W ′C

U′C
2 + W ′C

2 ,
∂ψC
∂ψ

=
1

W ′(ψ)
U′C

2W ′C
U′C

2 + W ′C
2 .

(C.0.7)

The coordinates of B are defined through the two conditions K(φB, ψB) = K(φ, ψ) and
NBC = NS. By differentiating these two equations w.r.t. φ and ψ, one obtains a linear system
of four equations, from which, making use of Eq. (C.0.7), the four following quantities can
be extracted1
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂φB

∂φ
=

U′B
U′(φ)VB

(
UCW ′C

2 −WCU′C
2

U′C
2 + W ′C

2 + WB

)
,

∂φB

∂ψ
=

U′B
W ′(ψ)VB

(
WCU′C

2 −UCW ′C
2

U′C
2 + W ′C

2 −WB

)
,

∂ψB

∂φ
=

W ′B
U′(φ)VB

(
UCW ′C

2 −WCU′C
2

U′C
2 + W ′C

2 −UB

)
,

∂ψB

∂ψ
=

W ′B
W ′(ψ)VB

(
WCU′C

2 −UCW ′C
2

U′C
2 + W ′C

2 + UB

)
.

(C.0.9)
1In the forward formulation, the coordinates of B are defined through the two conditionsK(φB, ψB) = K(φ, ψ)

and NAB = NL − NS. By differentiating these two equations w.r.t. φ and ψ, on obtains [41]
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂φB
∂φ

=
U′B

U′(φ)
U(φ) + WB

VB
,

∂φB
∂ψ

=
U′B

W ′(ψ)
W(ψ)−WB

VB
,

∂ψB
∂φ

=
W ′B

U′(φ)
U(φ)−UB

VB
,

∂ψB
∂ψ

=
W ′B

W ′(ψ)
W(ψ) + UB

VB
.

(C.0.8)

The other required derivatives can be obtained in the same way as with the backward formulation.
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Then, to calculate the long-wavelength curvature perturbation δNL, the derivatives of
the backward e-folds are needed. Differentiating N = NAC given by Eq. (C.0.4) (where
M1 = A and M2 = C) w.r.t. φ and ψ, one obtains

∂N
∂φ

=
U(φ)
U′(φ)

− WC
W ′C

∂ψC
∂φ
− UC

U′C

∂φC
∂φ

,
∂N
∂ψ

=
W(ψ)
W ′(ψ)

− WC
W ′C

∂ψC
∂ψ
− UC

U′C

∂φC
∂ψ

, (C.0.10)

which, combined with Eq. (C.0.7), gives rise to

∂N
∂φ

=
1

U′(φ)

[
U(φ) +

WCU′C
2 −UCW ′C

2

U′C
2 + W ′C

2

]
,

∂N
∂ψ

=
1

W ′(ψ)

[
W(ψ) +

UCW ′C
2 −WCU′C

2

U′C
2 + W ′C

2

]
.

(C.0.11)

In the following, the second derivatives of N are also needed. They can be obtained by
differentiating the previous expressions one more time and making use of Eq. (C.0.7) again.
One obtains
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2N
∂φ2 = 1− U′′(φ)

U′2(φ)

[
U(φ) +

WCU′C
2 −UCW ′C

2

U′C
2 + W ′C

2

]
+

1
U′2(φ)

U′C
2W ′C

2

(U′C
2 + W ′C

2)2

×
[

2(U′′CWC + UCW ′′C)−U′C
2 −W ′C

2 + 2(U′′C + W ′′C)
UCW ′C

2 −WCU′C
2

U′C
2 + W ′C

2

]
,

∂2N
∂ψ2 = 1− W ′′(ψ)

W ′2(ψ)

[
W(ψ) +

UCW ′C
2 −WCU′C

2

U′C
2 + W ′C

2

]
+

1
W ′2(ψ)

U′C
2W ′C

2

(U′C
2 + W ′C

2)2

×
[

2(U′′CWC + UCW ′′C)−U′C
2 −W ′C

2
+ 2(U′′C + W ′′C)

UCW ′C
2 −WCU′C

2

U′C
2 + W ′C

2

]
,

∂2N
∂φ∂ψ

=
2

U′(φ)W ′(ψ)
U′C

2W ′C
2

(U′C
2 + W ′C

2)2

×
[

U′C
2
+ W ′C

2 − 2(U′′CWC + UCW ′′C) + 2(U′′C + W ′′C)
WCU′C

2 −UCW ′C
2

U′C
2 + W ′C

2

]
.

(C.0.12)

The power spectrum of the scalar curvature perturbations realized between A(φ, ψ)
and the constant energy hypersurface ρ = ρc is given by

Pζ(φ, ψ) =

[(
∂N
∂φ

)2
+

(
∂N
∂ψ

)2
](

H
2π

)2
, (C.0.13)

where H2 = V/3 and ∂N/∂φ and ∂N/∂ψ are given in Eq. (C.0.11). This gives rise to
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

6π2 ∂Pζ

∂φ
=

(
∂N
∂φ

∂2N
∂φ2 +

∂N
∂ψ

∂2N
∂φ∂ψ

)
V(φ, ψ) +

1
2

[(
∂N
∂φ

)2
+

(
∂N
∂ψ

)2
]

U′(φ),

6π2 ∂Pζ

∂ψ
=

(
∂N
∂ψ

∂2N
∂ψ2 +

∂N
∂φ

∂2N
∂φ∂ψ

)
V(φ, ψ) +

1
2

[(
∂N
∂φ

)2
+

(
∂N
∂ψ

)2
]

W ′(ψ).

(C.0.14)
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All the quantities required to evaluate Eq. (3.3.8) have now been specified, and fNL can be
computed. In practice, starting from Ain, the following computational program should be
used.

1. Compute the coordinates in field space of A∗ by numerically solving K(Ain) = K(A∗)
and NA∗C = NL, where K is given by Eq. (C.0.3) and N by Eq. (C.0.4).

2. Compute the coordinates of B by numerically solving K(Ain) = K(B) and NBC = NS,
where K is given by Eq. (C.0.3) and N by Eq. (C.0.4).

3. Evaluate Pζ |∗ making use of Eq. (C.0.13) and of the result of step 1.

4. Evaluate Pζ |B making use of Eq. (C.0.13) and of the result of step 2.

5. Evaluate ∂Pζ/∂φI |B making use of Eq. (C.0.14) and of the result of step 2.

6. Evaluate ∂φI
B/∂φJ |∗ making use of Eq. (C.0.9) and of the result of step 1.

7. Evaluate Eq. (3.3.8) with the results of steps 3–6.

Finally let us note that the case where U = W is effectively equivalent to a single-
field setup. Specifying the previous formula in this case, it is easy to see that ∂φB/∂φ =
−∂φB/∂ψ = −∂ψB/∂φ = ∂ψB/∂ψ, and that ∂Pζ/∂φ = ∂Pζ/∂ψ. From here it follows that
fNL = 0 in this case, as it should.
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